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This paper is to study the properties of eigenvalues and eigenvectors of
high-dimensional sample correlation matrices. We first improve the result of
Jiang (Sankhyā 66 (2004) 35–48), Xiao and Zhou (J. Theoret. Probab. 23
(2010) 1–20) and the Theorem 1 of El Karoui (Ann. Appl. Probab. 19 (2009)
2362–2405), both concerning the limiting spectral distribution and the ex-
treme eigenvalues of sample correlation matrices, by allowing a more general
fourth moment condition. Then, we establish a central limit theorem (CLT)
for the linear statistics of the eigenvectors of large sample correlation matri-
ces. We discover that the difference between the functional CLT of the sample
covariance matrix and the sample correlation matrix is fundamentally influ-
enced by the direction of a nonrandom projection vector. In the special case
where the square root of the correlation matrix is identity, the difference will
be determined by the sum of the fourth powers of the entries of the projection
vector. These results also indicate that the eigenmatrix of sample correlation
matrices is not asymptotically Haar if the underlying distribution is Gaussian.
In other words, the normalization based on the sample variances affects the
asymptotic properties of the eigenmatrix of the Wishart matrix. Furthermore,
we establish a theorem concerning CLT for the linear statistics of the eigen-
vectors of large sample covariance matrices. This theorem improves the main
results in Bai, Miao and Pan (Ann. Probab. 35 (2007) 1532–1572), which
requires the assumption that the fourth moment of the underlying variable
matches the one of Gaussian distribution, as well as Theorem 1.3 in Pan and
Zhou (Ann. Appl. Probab. 18 (2008) 1232–1270), which relaxed the Gaus-
sian like fourth moment requirement but assumes the maximum entries of the
projection vector converge to 0 uniformly. We illustrate the usefulness of the
theoretical results through an application in communications.

1. Introduction. Sample correlation matrix is a central object encountered in multivari-
ate statistical analysis. Closely related to sample covariance matrix, sample correlation ma-
trix is also frequently studied. Let y := (y1, . . . ,yn) be a random sample of size n from a
p-dimensional population with covariance matrix �n. We assume the following model for y:

yj = �nxj , j = 1, . . . , n,

where �n satisfies that �n�
∗
n = �n, and xj = (x1j , . . . , xpj )

∗ consists of independently and
identically distributed (i.i.d.) random variables with mean 0 and unit variance. Throughout
this paper, we consider the case where there is no diagonal entry of �n equals to 0. Let
Xn = (x1, . . . ,xn). Then the sample covariance matrix is defined as

Ŝn = 1

n

n∑
j=1

yj y∗
j = 1

n
YnY∗

n.
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The population correlation matrix Rn and the sample correlation matrix R̂n are then given
respectively by

Rn = [
Diag(�n)

]−1/2
�n

[
Diag(�n)

]−1/2
, R̂n = [

Diag(̂Sn)
]−1/2Ŝn

[
Diag(̂Sn)

]−1/2
,

where for any square matrix A, Diag(A) stands for the diagonal matrix formed by the diago-
nal entries of A.

Denote

(1)

Gn = (gkh)
p
k,h=1 = [

Diag(�n)
]−1/2

�n, �j = Gnxj x∗
j G∗

n,

e′
kGn := g∗

k and �n = 1

n

n∑
j=1

�j = 1

n
GnXnX∗

nG∗
n,

where ek is the kth column of the identity matrix. It is easy to see that

(2) E(�j ) = E(�n) = Rn hence Diag
(
E(�j )

) = Diag
(
E(�n)

) = Ip.

Also, by the fact that

Diag(�n) = [
Diag(�n)

]−1/2 Diag(̂Sn)
[
Diag(�n)

]−1/2 = [
Diag(�n)

]−1 Diag(̂Sn),

one can verify that R̂n can be written as

R̂n = [
Diag(�n)

]−1/2
�n

[
Diag(�n)

]−1/2
.

The rapid development of computation power allows us to save and analyze very big data
sets with very large dimension. Thus, the classical statistical theory, which assumes that the
data dimension p is fixed while sample size n diverges, faces challenges when dealing with
high-dimensional data set. This has prompted many new development in theories and ap-
plication tools to handle high-dimensional data. Among these, high-dimensional statistical
inference involving sample correlation matrix has gained much popularity recently. See for
instance, Cai and Jiang (2011), Hero and Rajaratnam (2011), Zheng et al. (2019), Fan, Guo
and Zheng (2019) for important developments in this area.

A very important tool in analyzing large dimension sample covariance and correlation
matrices is the random matrix theory (RMT). Initiated from the pioneering investigation
of the energy level distribution of a large number of particles in Quantum Mechanics, the
original interests of RMT mainly focus on eigenvalue distributions of large-dimensional
random matrices. Let An be a p × p symmetric matrix with eigenvalues λ1 ≤ · · · ≤ λp

and let An = Un�nU∗
n be its spectral decomposition. For any unit vector πn ∈ Cp , let

qn = Unπn := (q1, . . . , qp)′. We make the following definitions.

DEFINITION 1.1. The empirical spectral distribution (ESD) of An is defined as

F An(x) = 1

p

p∑
j=1

I (λj ≤ x),

where I (·) is the indicator function.

If, as p, n tend to infinity, the limit of F An(x) exists, the limit distribution is called the
limit spectral distribution (LSD).

DEFINITION 1.2. Given πn, the vector empirical spectral distribution (VESD) function
based on eigenvalues and eigenvectors of matrix An is defined as

FAn
v,πn

(x) =
p∑

j=1

|qj |2I (λj ≤ x).
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When the underlying data is generated from a multivariate Gaussian distribution, the sam-
ple covariance matrix Ŝn is a Wishart matrix and its eigenmatrix will follow the Haar dis-
tribution, see Anderson (2003) or Corollary 2.2 of Dumitriu and Edelman (2002). In other
words, denote Ŝn = Un�nU∗

n as the spectral decomposition of Ŝn, then Un should follow the
uniform distribution over the group formed by all unitary matrices.

Assume that Un follows a Haar distribution, then for any unit vector πn ∈ Cp , qn =
Unπn := (q1, . . . , qp)′ will follow a uniform distribution over the unit sphere. In other words,
the vector qn has the same distribution as z/|z| where z = (z1, . . . , zp)′ ∼ Np(0, Ip). Here
and throughout the paper, | · | denote the Euclidean norm of a vector. And the stochastic
process

Qp(t) =
√

p

2

[pt]∑
j=1

(
|qj |2 − 1

n

)
d=
√

p

2

1

|z|2
[pt]∑
j=1

(
|zj |2 − |z|2

p

)
convergence to a Brownian Bridge B(t) as p → ∞ (see page 334 in Bai and Silverstein
(2010)).

For any An, we shall make a time transform

QAn
p (x) = Qp

(
F An(x)

)
.

Then QŜn
p (x) will approximate B(F ρ,H (x)), where Fρ,H (x) is the LSD of Ŝn. Here, ρ is the

limit of the dimension to sample size ratio p/n and H is the LSD of �n.
Recall the definitions of ESD and VESD, it follows that

QAn
p (x) =

√
p

2

(
FAn

v,πn
(x) − FAn(x)

)
.

We thus convert the problem of studying Qp(t), which often arises in studies of convergence
into a Brownian bridge and related central limit theorems hence is of research interest, to the
problem of investigating the difference between the ESD and VESD.

Throughout this paper, we denote ‖ · ‖ as the spectral norm of a matrix. Let C stand for a
constant that may take different values depending on the context. For any real sequences an

and bn, we use an = o(bn) to denote the relationship an/bn → 0 as bn → ∞ and an = O(bn)

to denote the relationship an/bn ≤ C as bn → ∞. Let Ip stand for the p-dimensional identity
matrix and we will leave out the subscript if there is no ambiguity. Let z = u + iv ∈ C+ be a
complex number. We also use DA to stand for Diag(A) for any square matrix A.

The rest of the paper is organized as the follows. In Section 2, we summarize some previous
results in random matrix theory and highlight our new contributions. Section 3 contains the
main results. The proofs of the theorems are provided in Section 5.

2. Existing results and new contributions. We first summarize some known results in
random matrix theory concerning the distributional properties of the eigenvalues and eigen-
vectors of a sample covariance matrix, as well as those of a sample correlation matrix. We
then summarize our new contributions.

2.1. Background and existing results. We first introduce a main tool in RMT, the Stieltjes
transform defined as follows.

DEFINITION 2.1. For any function G of bounded variation on the real line, its Stieltjes
transform is defined by

sG(z) =
∫ 1

y − z
dG(y) where z ∈ C+ ≡ {z ∈C : �z > 0}.
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Similar to the characteristic function, Stieltjes transform is a useful tool for investigating
distribution functions and distribution function sequences. Below are some lemmas that es-
tablish the mathematical foundations, which can be found in Akhiezer and Glazman (1993).
One can also see Theorems B.8–B.10 in Bai and Silverstein (2010).

LEMMA 2.1. For any continuity points a < b of G, we have

G
{[a, b]} = lim

ε→0+
1

π

∫ b

a
�(sG(x + iε)

)
dx.

LEMMA 2.2. Assume that {Gn} is a sequence of functions of bounded variation and
Gn(−∞) = 0 for all n. Then,

lim
n→∞ sGn(z) = sG(z) ∀z ∈C+

if and only if there is a function of bounded variation G with G(−∞) = 0 and Stieltjes
transform sG(z) and such that Gn → G vaguely.

LEMMA 2.3. Let G be a function of bounded variation and x0 ∈ R. Assume that
limz∈C+→x0 �(sG(z)) exists. Let the limit be �(sG(x0)). Then G is differentiable at x0, and
its derivative is π−1�(sG(x0)).

Lemma 2.1 is referred to as the inversion formula. It shows a one-to-one correspondence
between G and its Stieltjes transform sG(z) when G is a finite signed measure. Lemma 2.2
and 2.3 show that proving the convergence properties of ESDs of a sequence of random ma-
trices can be converted to proving the convergence of the corresponding Stieltjes transforms.
In addition, the LSD can be easily established by its limit Stieltjes transform. Then one can
obtain the density function of a signed measure via its Stieltjes transform.

The celebrated M–P law (Marčenko and Pastur (1967)), also in Wachter (1978) and

Silverstein (1995), states that if p/n → ρ ∈ (0,∞), F�n
d−→ H and the sequence (�n)p

is bounded in spectral norm, then almost surely, the ESD F Ŝn of the sample covariance ma-
trix Ŝn will tend weakly to a nonrandom p.d.f. Fρ,H as n → ∞. And for each z ∈ C+,
s(z) = sF (z) := sFρ,H (z) is the unique solution to the equation

(3) s(z) =
∫ 1

t (1 − ρ − ρzs(z)) − z
dH(t).

Let Sn = 1
n

Y∗
nYn. Note that the spectra of Ŝn and Sn only differ by |p−n| zero eigenvalues.

It follows that

F Sn(x) = (1 − ρn)I[0,∞) + ρnF
Ŝn(x),

from which we get

(4)
Fρ,H (x) = (1 − ρ)I[0,∞) + ρFρ,H (x),

sF Sn (z) = −1 − ρn

z
+ ρnsF Ŝn (z), z ∈ C+,

and as n → ∞
(5) s(z) := sFρ,H (z) = −1 − ρ

z
+ ρs(z), z ∈C+.

Hence, (3) can be re-expressed as

s(z) = −
(
z − ρ

∫
t

1 + ts(z)
dH(t)

)−1
.
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Furthermore, it leads to

z = − 1

s(z)
+ ρ

∫
t

1 + ts(z)
dH(t).

The almost sure convergence of the extreme eigenvalues of a sample covariance matrix to
the edge of the spectrum is considered in Geman (1980), Yin, Bai and Krishnaiah (1988), Bai
and Yin (1993), Tikhomirov (2015). Then in Bai and Silverstein (1998), Bai and Silverstein
(1999), the no eigenvalue outside and exact separation results are obtained. As for the second
order limit theorem for the eigenvalues of a sample covariance matrix, the first work was done
by Jonsson (1982), where the author studied the fluctuation for the sums of the powers of the
sample eigenvalues of a Wishart matrix. Then Bai and Silverstein (2004) prove a general
CLT for the linear spectral statistics (LSS) under the condition that the fourth moment of
the underlying distribution match that of a Gaussian distribution and that the test functions
are analytic. These conditions are later relaxed in Pan and Zhou (2008), Lytova and Pastur
(2009), Shcherbina (2011), Zheng, Bai and Yao (2015), Najim and Yao (2016). It is worth
mentioning that there are also fruitful results on another very important aspect of random
matrix theory, the so-called Tracy–Widom law (known as T–W law). This law describes the
fluctuation of the extreme eigenvalue around its mean after proper normalization. We refer the
readers to Tracy and Widom (1994), Johnstone (2001), El Karoui (2007), Lee and Schnelli
(2016), Johnstone and Ma (2012) and reference therein.

Compared to the eigenvalue studies, the literature regarding properties of the eigenvectors
of a random matrix is very limited due to the difficulty of mathematical formulation since we
are interested in the situation where the dimension increases with the sample size. The earliest
work is Silverstein (1990), where the real sample covariance matrices are considered. Then
this line of work is continued by Bai, Miao and Pan (2007), Pan and Zhou (2008), Ledoit
and Péché (2011). In the former two papers, some isotropic conditions (see (IC1) and (IC2)
in the beginning of Section 3) are assumed. It is shown that, under the isotropic condition
(IC1), the VESD of sample covariance matrix still converges to the M–P law. Recently,
Yang (2020) considers the properties of eigenvector of sample covariance matrix when the
population covariance matrix is anisotropic under some regular conditions. The convergence
rate of VESD of the general sample covariance matrix is considered by Xia, Qin and Bai
(2013) and more recently by Xi, Yang and Yin (2020).

Concerning the eigenstructure of a sample correlation matrix, Jiang (2004) was the first
to prove that when � = Ip , if the dimension p and the sample size n are such that p/n →
y ∈ (0,∞), then the ESD of R̂n converges to the Marčenko–Pastur distribution. The almost
sure convergence of the smallest eigenvalue of a sample correlation matrix to the left edge of
the spectrum was obtained in Xiao and Zhou (2010). The more general case where Gn 
= I
was considered in El Karoui (2009), where by applying the concentration of measure theory,
the author proved that under a moment condition slightly stronger than that on the fourth
moment, the ESD of R̂n will also converge to the M–P law and the extreme eigenvalues
will converge to the edges. Then the Tracy–Widom law for sample correlation matrix was
obtained in Bao, Pan and Zhou (2012), Pillai and Yin (2012). The CLT for LSS of the sample
correlation matrix under Gn = I was investigated in Gao et al. (2017). As for more general
cases, we refer the readers to Mestre and Vallet (2017), where the population is assumed to be
Gaussian. Recently, the asymptotic result of eigenstructure of the sample correlation matrix
for spiked model is investigated in Morales-Jimenez et al. (2021), whose sample covariance
version is obtained in Paul (2007).

To the best of our knowledge, no work has been done to investigate the properties of
eigenvectors of the sample correlation matrix even under the Gaussian case except for the
specific spike model Morales-Jimenez et al. (2021).
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2.2. Our contributions. The contributions of this paper are summarized as follows.

(1): We show that the ESD of the sample correlation matrix R̂n convergences to the M–P
law under a fourth moment assumption, while the extreme eigenvalues tend almost surely to
the edges of the spectrum. Our results improve that in Jiang (2004), Xiao and Zhou (2010),
which assumes G = I. Our results also improve Theorem 1 in El Karoui (2009), which re-
laxed the assumption G = I, but required an assumption stronger than the fourth moment
condition of the underlying distribution.

(2): We establish a theorem concerning the CLT for the linear statistics of the eigenvectors
of the large-dimensional sample covariance matrix. This theorem improves the main results
of Bai, Miao and Pan (2007), which requires the fourth moment of the underlying variable
to match that of the Gaussian distribution, as well as Theorem 1.3 in Pan and Zhou (2008),
which relaxed the Gaussian like fourth moment condition but assumed the maximum entries
of the projection vector converge to 0 uniformly.

(3): We prove an original CLT for the linear statistics of the eigenvectors of the large-
dimensional sample correlation matrix. We show that the difference between the functional
CLT of a sample covariance matrix and a sample correlation matrix is essentially influenced
by the direction of a nonrandom projection vector πn. To be specific, if ‖πn‖∞ → 0, where
‖ · ‖∞ stands for the 	∞-norm, then there will be no difference between the forms of these
two CLTs. The only difference is based on the change of the spectra of “population covari-
ance matrix”. However, this is not the case when the maximum entries of πn do not converge
to 0. In the special case where Gn = I, the additional terms will be determined by the sum of
the fourth power of the entries of πn. These results also indicate that unlike sample covari-
ance matrix, the eigenmatrix of sample correlation matrices should not be asymptoticly Haar
when the fourth moment equals to 3. This means normalization using the sample variances
does affect the asymptotic properties of the eigenmatrix of the Wishart matrix even when the
population covariance matrix equals to identity.

3. Main theorems. Before presenting the main theorem, we first list the necessary as-
sumptions:

(C1) [Assumption on Distribution I]: Let {xij } be a double array of infinite rows and
columns. Assume that the entries of {xij } are i.i.d. complex random variables with zero mean
and unit variance. X = (xi,j ), where 1 ≤ i ≤ p, 1 ≤ j ≤ n is a p × n matrix of the upper-left
corner of an infinite length double array;

(C2) [Assumption on Distribution II]: E |x1,1|4<∞;
(C3) [High-Dimensional Framework]: ρn = p/n → ρ ∈ (0,∞) as n → ∞;
(C4) [Population Correlation matrix]: Gn is nonrandom with its spectral norm bounded

in p. Hn = F Rn
D→ H , a proper distribution function.

(C5) [Assumptions on Integrand]: ζ1, . . . , ζk are k functions defined and analytic on an
open region D of the complex plane which contains the real interval

(6)
[
lim inf

n
λ

Rn

minI(0,1)(ρ)(1 − √
ρ)2, lim sup

n
λRn

max(1 + √
ρ)2

]
.

(IC1) [Isotropic condition I]: πn is a vector over the p-dimensional unit sphere satisfying
that π∗

n (Rn − zI)−1πn → sH (z), where sH (z) is the Stieltjes transform of H .
(IC2) [Isotropic condition II]: Define Rn(z) = (I + sFρn,Hn (z)Rn)

−1, here and in the
following, sFρn,Hn (z) is the unique solution to the self-consistent equation

sFρn,Hn (z) = −
(
z − ρn

∫
t

1 + tsFρn,Hn (z)
dHn(t)

)−1
.
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Then

sup
z

√
n

∣∣∣∣π∗
nRn(z)πn −

∫ 1

sFρn,Hn (z)t + 1
dHn(t)

∣∣∣∣ → 0.

(IC3) [Isotropic condition III]:

sup
z,k

√
n

∣∣∣∣e′
kRn(z)πn + z−1πn(k)

∫ 1

sFρn,Hn (z)t + 1
dHn(t)

∣∣∣∣ → 0,

sup
z,k

√
n

∣∣∣∣π∗
nRn(z)ek + z−1π̄n(k)

∫ 1

sFρn,Hn (z)t + 1
dHn(t)

∣∣∣∣ → 0,

sup
z,k

√
n

∣∣∣∣e′
kG∗

nRn(z)πn + z−1e′
kG∗

nπn

∫ 1

sFρn,Hn (z)t + 1
dHn(t)

∣∣∣∣ → 0,

sup
z,k

√
n

∣∣∣∣π∗
nRn(z)Gnek + z−1π∗

n Gnek

∫ 1

sFρn,Hn (z)t + 1
dHn(t)

∣∣∣∣ → 0.

REMARK 3.1. (C1)–(C4) are standard assumptions in spectral analysis in RMT. (IC1)–
(IC3) can be viewed as isotropic conditions, which are critical for obtaining the properties of
eigenvector of sample correlation matrix under isotropic case and will be used in the second
to last equations of (42)–(51) in Section 5.5.5. Note that all those conditions hold for all
projection vector πn if Rn = I or more general, if

√
n(λmax(Rn) − λmin(Rn)) → 0.

We first give a theorem concerning the LSD of a sample correlation matrix R̂n as an im-
provement to Jiang (2004), Xiao and Zhou (2010) and Theorem 1 in El Karoui (2009). It is
worth reminding the readers that in the following except Theorem 3.5, the parameters Hn,
H , s(z) and s(z) all refer to the correlation matrix Rn other than the covariance matrix �n.
However, they are the same when the diagonal entries of �n all equal to one.

THEOREM 3.1 (Theorem on eigenvalues I). Under the Assumptions (C1)–(C4), we have

F R̂n(x) → Fρ,H (x), a.s.

When Gn = I, we have

λmax(R̂n) → (1 + √
ρ)2, a.s.,

λmin(R̂n) → I(0,1)(ρ)(1 − √
ρ)2, a.s.

In addition, if |x1,1| ≤ ηn

√
n, where ηn tends to 0, we have for any ε > 0,

P
(
λmax(R̂n) > (1 + √

ρ)2 + ε
) = O

(
n−l),

P
(
λmin(R̂n) < I(0,1)(ρ)(1 − √

ρ)2 − ε
) = O

(
n−l),

for all positive integer l.

The above theorem implies that the existence of the fourth moment of the underlying
variable is sufficient to ensure the convergence of LSD of a sample correlation matrix to the
M–P law. Meanwhile, after truncation, the extreme eigenvalues will tend to the edges of the
LSD with high probability.

We next present a theorem concerning the no eigenvalue outside result for the sample
correlation matrix.
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THEOREM 3.2 (Theorem on eigenvalues II). Under the Assumptions (C1)–(C4), assume
further that the interval [a, b] with a > 0 lies outside the support of Fρ,H and Fρn,Hn for all
n sufficiently large. Then we have

P
(
no eigenvalues of R̂n appears in [a, b] for all large n

) = 1.

Now we consider the properties of the eigenvectors of the sample correlation matrix. For
any given projection vector πn and z ∈C+, define

sRn
ρn,πn

(z) = −z−1π∗
nRn(z)πn.

It is then easy to see that sRn
ρn,πn

(z) is the Stieltjes transform of a distribution, which we shall
denote by F Rn

ρn,πn
. Note that this class of distributions is also called the anisotropic M–P laws,

see for instance Xi, Yang and Yin (2020).
First, we have the following theorem on the vector limit spectral distribution (VLSD).

THEOREM 3.3 (Theorem on VLSD). Under the Assumptions (C1)–(C4), for any given
x, we have

F R̂n
v,πn

(x) − F Rn
ρn,πn

(x) → 0, a.s.

In particular, if the condition (IC1) is satisfied, we have

F R̂n
v,πn

(x) → Fρ,H (x), a.s.

Theorem 3.3 indicates that although ESD and VESD are not the same in general, they do
share the same limit when Rn is close to identity.

Next, we present the functional CLT for VESD (denoted as CLT for vector linear spectral
statistics (VLSS) in the following). Define

Gn(x) = √
n
(
F R̂n

v,πn
(x) − F Rn

ρn,πn
(x)

)
.

To make the statements of the next theorem more concise, we also give the following defini-
tions. Denote

Gkl(ν4, α) =
(
ν4

p∑
i=1

|gki |2|gli |2 + αr2
k	

)
,

L0,0(z1, z2)

= ν4s(z1)s(z2)

z1z2
lim

n→∞

p∑
k=1

e′
kG∗

nRn(z1)πnπ
∗
nRn(z1)Gneke

′
kG∗

nRn(z2)πnπ
∗
nRn(z2)Gnek

+ α(s(z2) − s(z1))

z1z2(z2 − z1)
lim

n→∞π∗
nRn(z1)RnRn(z2)πnπ

∗
nRn(z2)RnRn(z1)πn,

L1,1(z1, z2) = 1

z1z2
lim

n→∞

p∑
k,l=1

Gkl(ν4, α)e′
kRn(z1)πnπ

∗
neke

′
lRn(z2)πnπ

∗
nel,

L2,2(z1, z2) = 1

z1z2
lim

n→∞

p∑
k,l=1

Gkl(ν4, α)e′
kπnπ

∗
nRn(z1)eke

′
lπnπ

∗
nRn(z2)el,

L3,3(z1, z2) = 1

z2
1z

2
2

lim
n→∞

p∑
k,l=1

Gkl(ν4, α)e′
kRn(z1)πnπ

∗
nRn(z1)eke

′
lRn(z2)πnπ

∗
nRn(z2)el,
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L0,1(z1, z2)

= s(z1)

z1z2
lim

n→∞

p∑
k=1

e′
kRn(z2)πnπ

∗
nek

×
(
ν4

p∑
l=1

e′
lG

∗
nRn(z1)πnπ

∗
nRn(z1)Gnel|gkl|2 + απ∗

nRn(z1)Rneke
′
kR∗

nRn(z1)πn

)
,

L0,2(z1, z2)

= s(z1)

z1z2
lim

n→∞

p∑
k=1

e′
kπnπ

∗
nRn(z2)ek

×
(
ν4

p∑
l=1

e′
lG

∗
nRn(z1)πnπ

∗
nRn(z1)Gnel|gkl|2 + απ∗

nRn(z1)Rneke
′
kR∗

nRn(z1)πn

)
,

L0,3(z1, z2)

= −s(z1)

z1z
2
2

lim
n→∞

p∑
k=1

e′
kRn(z2)πnπ

∗
nRn(z2)ek

×
(
ν4

p∑
l=1

e′
lG

∗
nRn(z1)πnπ

∗
nRn(z1)Gnele

′
lgkg∗

kel + απ∗
nRn(z1)Rneke

∗
kR∗

nRn(z1)πn

)
,

L1,2(z1, z2) = 1

z1z2
lim

n→∞

p∑
k,l=1

Gkl(ν4, α)e′
kRn(z1)πnπ

∗
neke

′
lπnπ

∗
nRn(z2)el,

L1,3(z1, z2) = 1

z1z
2
2

lim
n→∞

p∑
k,l=1

Gkl(ν4, α)e′
kRn(z1)πnπ

∗
neke

′
lRn(z2)πnπ

∗
nRn(z2)el,

L2,3(z1, z2) = 1

z1z
2
2

lim
n→∞

p∑
k,l=1

Gkl(ν4, α)e′
kπnπ

∗
nRn(z1)eke

′
lRn(z2)πnπ

∗
nRn(z2)el.

Then we have the following theorem.

THEOREM 3.4 (Theorem on CLT for VLSS for R̂n). Under the Assumptions (C1)–(C5),
set ν4 = E |x1,1|4 − |Ex2

1,1|2 − 2, α = E(x1,1)
2 + 1, we have the following results.

RT (Tightness): The k-dimensional random vectors

�n = (ψ1,n, . . . ,ψk,n)
′ =

(∫
ζ1(x) dGn(x), . . . ,

∫
ζk(x) dGn(x)

)′

form a tight sequence.
RM (Limiting mean vector): The random vectors �n converge weakly to a mean zero

Gaussian vector � = (ψ1, . . . ,ψk)
′.

RC (Limiting variance-covariance function): Let E(x1,1)
2 = 0 if x1,1 is complex, then we

have for 1 ≤ t , s ≤ k,

(7) Cov(ψt ,ψs) = − 1

2π2

∫
C1

∫
C2

ζt (z1)ζs(z2)�(z1, z2) dz1 dz2,



4772 Y. YIN AND Y. MA

where C1, C2 are two nonoverlapping contours enclosing the support of Fρ,H and

�(z1, z2)

= L0,0(z1, z2) + 4−1L1,1(z1, z2) + 4−1L1,1(z1, z2) + z1z2L3,3(z1, z2)

+ 2−1L0,1(z1, z2) + 2−1L0,2(z1, z2) + 2−1L0,1(z2, z1) + 2−1L0,2(z2, z1)

+ z2L0,3(z1, z2) + z1L0,3(z2, z1) + 2−1z2L1,3(z1, z2) + 2−1z1L1,3(z2, z1)

+ 4−1L1,2(z1, z2) + 4−1L1,2(z2, z1) + 2−1z2L2,3(z1, z2) + 2−1z1L2,3(z2, z1).

The above theorem is general since we allow the anisotropic structure. Under the special
case that the population correlation matrix is isotropic, also denote

Lπ = lim
n→∞

p∑
k=1

|π(k)|4, L(1)
π,G = lim

n→∞

p∑
k=1

(∣∣∣∣∣
p∑

l=1

ḡl,kπ(l)

∣∣∣∣∣
2)2

,

Lπ,R = lim
n→∞

p∑
k,l=1

r2
k	|π(k)|2|π(l)|2, L(2)

π,G = lim
n→∞

p∑
k,l=1

p∑
i=1

|gki |2|gli |2|π(k)|2|π(l)|2,

L(3)
π,G = lim

n→∞

p∑
k,l=1

(
|π(k)|2|gkl|2

∣∣∣∣∣
p∑

i=1

ḡilπ(i)

∣∣∣∣∣
2)

,

we have the following corollary.

COROLLARY 3.1. Under the assumptions of Theorem 3.4 and assume the isotropic con-
dition (IC1)–(IC3), the results of Theorem 3.4 hold with

�(z1, z2) = L0,0(z1, z2) + L1,1(z1, z2) + z1z2L3,3(z1, z2) + L0,1(z1, z2) + L0,1(z2, z1)

+ z2L0,3(z1, z2) + z1L0,3(z2, z1) + z2L1,3(z1, z2) + z1L1,3(z2, z1),

where

L0,0(z1, z2) =
(
ν4L(1)

π,Gz1z2s
2(z1)s

2(z2)s(z1)s(z2) + α(z2s(z2) − z1s(z1))
2

ρ2z1z2(z2 − z1)(s(z2) − s(z1))

)
,

L1,1(z1, z2) = (
ν4L(2)

π,G + αLπ,R
)
s(z1)s(z2),

L3,3(z1, z2) = (
ν4L(2)

π,G + αLπ,R
)
s2(z1)s

2(z2),

L0,1(z1, z2) = −ν4L(3)
π,Gz1s(z1)s

2(z1)s(z2) − αLπs(z2)(1 + z1s(z1))
2

z1s(z1)
,

L0,3(z1, z2) = −ν4L(3)
π,Gz1s(z1)s

2(z1)s
2(z2) − αLπs2(z2)(1 + z1s(z1))

2

z1s(z1)
,

L1,3(z1, z2) = (
ν4L(2)

π,G + αLπ,R
)
s(z1)s

2(z2).

The next corollary, which gives the properties of the eigenvector of the “normalized with
sample variances” Wishart matrix is immediate.

COROLLARY 3.2. Under the assumptions of Theorem 3.4, if Gn = In, then we have

Cov(ψt ,ψs) = − 1

2π2

∫
C1

∫
C2

ζt (z1)ζs(z2)�(z1, z2) dz1 dz2,
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where C1, C2 are two nonoverlapping contours enclosing the support of Fρ,H and

�(z1, z2)

=
(

(4ν4 + 3α)Lπs(z1)s(z2)

z1z2(1 + s(z1))2(1 + s(z2))2 + α(z2s(z2) − z1s(z1))
2

ρ2z1z2(z2 − z1)(s(z2) − s(z1))

)
.

REMARK 3.2. Under the special case where Gn = In, comparing with Theorem 3.5
below we can see that the additional term caused by normalization using the sample vari-
ance is a term multiplied by 3ν4 + 3α. When the underlying variables are real, we have
α = E(x1,1)

2 + 1 = 2. Thus the additional term will vanish if ν4 = −2. This is quite sensi-
ble since ν4 = −2 corresponds to the single case where the underlying variables follow the
Bernoulli distribution with P(x1,1 = −1) = P(x1,1 = −1) = 1/2, thus the diagonal entries of
Ŝn all equal to 1, which implies R̂n = Ŝn.

It is seen from the theorem that in the special case where Gn = I, the additional terms
in the functional CLT of the eigenvectors caused by normalization are all determined by
the sum of the fourth power of the entries of πn. This result gives strong evidence that the
eigenmatrix of sample correlation matrices should not be asymptoticly Haar unless 4ν4 +
3α = 0. In other words, the normalization by the sample variances does affect the asymptotic
properties of the eigenmatrix of the Wishart matrix. A surprising observation here is when
ν4 = −1.5 under real case (E |x1,1|4 = 1.5)]. This causes the term multiplied by πn to vanish
and the eigenmatrix of the sample correlation matrix to satisfy the necessary condition of
asymptoticly Haar, see Section 10.2 in Bai and Silverstein (2010).

We also have the following improved CLT for VLSS for Ŝn, which improves the results of
Theorem 2 in Bai, Miao and Pan (2007) as well as Theorem 1.3 in Pan and Zhou (2008).

THEOREM 3.5 (Theorem on CLT for VLSS for Ŝn). Assume the Assumptions (C1)–(C5),
where all Rn and R̂n that appear in the assumptions and the definitions of sFρn,Hn (z), Gn(x)

are replaced with �n and Ŝn, respectively. Set ν4 = E |x1,1|4 −|Ex2
1,1|2 −2, α = E(x1,1)

2 +1.
Let Sn(z) = (I + sFρn,Hn (z)�n)

−1. We have:

(1): The same results as RT, RM in Theorem 3.4 hold.
(2): The same result as RC in Theorem 3.4 holds with

�(z1, z2)

= ν4s(z1)s(z2)

z1z2
lim

n→∞

p∑
k=1

e′
k�

∗
nSn(z1)πnπ

∗
nSn(z1)�neke

′
k�

∗
nSn(z2)πnπ

∗
nSn(z2)�nek

+ α(s(z2) − s(z1))

z1z2(z2 − z1)
lim

n→∞π∗
nSn(z1)�nSn(z2)πnπ

∗
nSn(z2)�nSn(z1)πn.

If, in addition, (IC1) and (IC2) are satisfied with Rn replaced by �n, we have

�(z1, z2) =
(

ν4Lπs(z1)s(z2)

z1z2(1 + s(z1))2(1 + s(z2))2 + α(z2s(z2) − z1s(z1))
2

ρ2z1z2(z2 − z1)(s(z2) − s(z1))

)
.

REMARK 3.3. Comparing with the results in Bai, Miao and Pan (2007) and Pan and
Zhou (2008), we allow more general population covariance matrix structure. It is easy to
see that the main difference comes from the first term of �(z1, z2). We try to give some
insight of this term here. Consider the special case where �n = I and the underlying variables
follow the real Bernoulli distribution with P(x1,1 = −1) = P(x1,1 = −1) = 1/2. Let πn =
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e1 = (1,0, . . . , )′. Then we know that the diagonal entries of Ŝn all equal to 1 and ν4 = −2,
α = 2. Also, one can obtain that the two terms of �(z1, z2) are exactly

−2s(z1)s(z2)

z1z2(1 + s(z1))2(1 + s(z2))2 and
2(s(z2) − s(z1))

z1z2(z2 − z1)(1 + s(z1))2(1 + s(z2))2 .

When z1 = z2 = z (here s(z2)−s(z1)
z2−z1

is understood as ds(z)
dz

), we have

�(z, z) = −2

z2(1 + s(z))4

(
s2(z) − ds(z)

dz

)

= −2

z2(1 + s(z))4

(
s2(z) − s2(z)

1 − ρs2(z)

(1+s2(z))2

)
,

which will tend to 0 as ρ → 0. Recall that under this case, for given z, �(z, z) is the lim-
iting “complex variance” (the expectation of the square of the difference between a com-
plex random variable and its expectation) of the first diagonal entry of the random matrix√

n(̂Sn − zI)−1, which should equal to 0 when p = 1. The above arguments indicate the
consistency of our results under this special case since �(z, z) is a continued function of ρ.

4. An application in communications. In this section, we discuss the application of our
main theorem in communications.

Consider a symbol synchronous direct sequence code division multiple access (DS-
CDMA) system with n users and p processing gains. The discrete-time model for the re-
ceived signal r in a symbol interval is

r =
n∑

j=1

xj sj + ε,

where sj = (s1,j , s2,j , . . . , sp,j )
′ ∈ Cp is the signature sequence of user j and xj is the

transmitted symbol of user j . Further, ε ∼ N(0, σ 2I) is the background Gaussian noise.
Assume the xj ’s are independent with mean zero and variance Pj ’s, where each Pj is
known as the received power of the corresponding user. The goal in wireless communica-
tions is to demodulate the transmitted xj for each user and a relevant performance measure is
the classical signal-to-interference ratio (SIR). Define Sj = (s1, . . . , sj−1, sj+1, . . . , sn) and
Pj = diag(P1, . . . ,Pj−1,Pj+1, . . . ,Pn), then the SIR for user j is defined as

βj = Pj s∗
j

(
SjPjS

∗
j + σ 2I

)−1sj , 1 ≤ j ≤ n.

See Tse and Hanly (1999) for more details.
However, due to high computational cost (Pan and Zhou (2008)) of the classical SIR, some

simpler but near performance measures have been considered. For example, Honig and Xiao
(2001) considered the reduced-rank linear receiver for multistage Wiener (MSW), where the
output SIR for user j is defined as

(8) βjm = Pj s∗
jAjm

(
A∗

jmQjAjm

)−1
A∗

jmsj ,

where m ≤ n and Ajm = [sj ,Qj sj , . . . ,Q
m−1
j sj ] with Qj = (SjPjS

∗
j + σ 2I). By model-

ing the signature sequences sj ’s as random vectors, one may analyze the SIR using random
matrix theory when the number of users and the processing gain approach infinity simultane-
ously (known as the large system). For example, assuming the entries si,j are i.i.d. with zero
mean and common variance 1/p, Pan and Zhou (2008) proved that the asymptotic distribu-
tion of the SIR under MSW is Gaussian after proper normalization.
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Indeed, in the random signature sequences model, for the user j , the signature sequence
covariance matrix Hj := SjS

∗
j is a random sample covariance matrix which is independent

with its signature sequence sj . By the analysis in page 1246 in Pan and Zhou (2008), espe-
cially equations (3.1)–(3.4), to derive the limit distribution of SIR, it is sufficient to consider
the joint distribution of{√

p

(
s∗
jHj sj − 1

p
trHj

)
, . . . ,

√
p

(
s∗
jH

2m−1
j sj − 1

p
trH2m−1

j

)}
.

Note that for any given u,

√
p

(
s∗
jH

u
j sj − 1

p
trHu

j

)
= √

p|sj |2
(s∗

jH
u
j sj

|sj |2 − 1

p
trHu

j

)
+ √

p
1

p
trHu

j

(|sj |2 − 1
)
,

where the fluctuation of the term
√

p(
s∗jHu

j sj
|sj |2 − 1

p
trHu

j ) can be determined by applying the

functional CLT for eigenvector of sample covariance matrix.
However, since the difference components in sj represent different antennas, it is more rea-

sonable to assume the variabilities differ for these components. This implies we should first
normalize the signature sequence sj ’s using sample variances before the analysis described
above. To be more specific, define

ti,j = si,j√
v

(j)
i

, 1 ≤ i ≤ p,1 ≤ j ≤ n,

where v
(j)
i = (n − 1)−1 ∑

k 
=j s2
i,k . Let

tj = (t1,j , t2,j , . . . , tp,j )
′, Tj = (t1, . . . , tj−1, tj+1 · · · , tn),

Bjm = [sj ,Vj sj , . . . ,V
m−1
j sj ] with Vj = (TjPjT

∗
j + σ 2I), the output SIR for user j is then

(9) β̃jm = Pj t∗jBjm

(
B∗

jmVjBjm

)−1
B∗

jmtj .

We have the following result when P1 = P2 = · · · = Pn = 1, which is a direct application of
Corollary 3.2.

THEOREM 4.1. Assume that the {wi,j , i, j = 1, . . .} are i.i.d. complex random variables
with zero mean, unit variance and finite fourth moment μ4. The entries of the signature se-
quences are si,j = σiwi,j√

p
, where σi > 0 and supi σi < ∞ for i = 1, . . . , p, j = 1, . . . , n. In

addition, p/n → ∞ as n → ∞. Then for any integer m, β̃jm has the same asymptotical
distribution as βjm under the situation when σ1 = · · · = σp = 1.

Theorem 4.1 indicates that we can normalize the signature sequences using the sample
variances before computing the output SIR. After normalization, the fluctuation of the output
SIR under the diagonal covariance matrix case is the same as the one under the case where
the covariance matrix equals to the identity. The asymptotic distribution of β1m under the
situation when σ1 = · · · = σp = 1 was given in Theorem 1.1 in Pan and Zhou (2008) and
Theorem 4.1 ensures that this result is still valid even if the unit variance assumption does
not hold.

5. Proof of the main theorems. We organize the proof of these theorems as the fol-
lowing. In Section 5.1, we list the notation and lemmas that will be used in our proofs. Sec-
tions 5.2–5.6 contain the detailed proofs of the theorems.
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5.1. Notations and primary lemmas. We begin by showing necessary notation and pri-
mary lemmas. Let

rj = Gnxj /
√

n, A(z) =
n∑

i=1

rirT
i − zI, Aj (z) = A(z) − rj rT

j ,

and

Akj (z) = Aj (z) − rkrT
k for 1 ≤ j, k ≤ n.

Denote

Ăj (z) = ∑
i<j

rirT
i +∑

i>j

r̆i r̆T
i − zI,

where r̆j+1, . . . , r̆n are independent copies of rj+1, . . . , rn. Let Ej denote the conditional
expectation given the samples x1,x2, . . . ,xj , also let E(−j) denote the conditional expectation
given x1,x2, . . . ,xj−1, x̆j+1, x̆j+2, . . . , x̆n. Moreover, define

bj (z) = 1

1 + 1
n

tr(A−1
j (z)Rn)

, bij (z) = 1

1 + 1
n

tr(A−1
ij (z)Rn)

,

b̆j (z) = 1

1 + 1
n

tr(Ă−1
j (z)Rn)

, b(z) = 1

1 + 1
n

E tr(A−1(z)Rn)
,

βi(j)(z) = 1

1 + r∗
i A−1

ij ri

, βj (z) = 1

1 + r∗
j A−1

j (z)rj

,

γ̂j (z) = r∗
j A−1

j (z)rj − 1

n
tr
(
A−1

j (z)Rn

)
,

γ̂i(j)(z) = rT
i A−1

ij (z)ri − 1

n
tr
(
A−1

ij (z)Rn

)
,

D
(−j)
�n

= diag
(

1

n

∑
i 
=j

�i

)
− n − 1

n
Ip,

δj (z) = r∗
j A−1

j (z)πnπ
∗
n A−1

j (z)rj − 1

n
π∗

n A−1
j (z)RnA−1

j (z)πn.

It is easy to see that

(10) max
(∣∣bj (z)

∣∣, ∣∣bij (z)
∣∣, ∣∣b(z)

∣∣, ∣∣βi(j)(z)
∣∣, ∣∣βj (z)

∣∣) ≤ |z|/ Im(z),

where Im(z) stands for the imaginary part of z. With the notation above, A−1(z) can be
decomposed as

(11) A−1(z) = A−1
j (z) − βj (z)A

−1
j (z)rj rT

j A−1
j (z),

and βj (z) can be further written as

(12) βj (z) = bj (z) − βj (z)bj (z)γ̂j (z) = bj (z) − b2
j (z)γ̂j (z) + βj (z)b

2
j (z)γ̂

2
j (z),

and

(13) βi(jk)(z) = bijk(z) − βi(jk)(z)bijk(z)γ̂i(jk)(z).

The matrix A−1
j (z) can be further decomposed as

(14) A−1
j (z) = Bj1(z) + Bj2(z) + Bj3(z) + Bj4(z),
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where

Bj1(z) = −
(
zI − n − 1

n
b(z) · Rn

)−1
:= Rn(z),

Bj2(z) = b(z)
∑
i 
=j

Rn(z)

(
rirT

i − 1

n
Rn

)
A−1

ij (z),

Bj3(z) = ∑
i 
=j

(
βi(j)(z) − b(z)

)
Rn(z)rirT

i A−1
ij (z) and

Bj4(z) = n−1b(z)Rn(z)
∑
i 
=j

(
A−1

ij (z) − A−1
j (z)

) = −n−1b(z)Rn(z)
∑
i 
=j

A−1
ij rirT

i A−1
ij βi(j).

We are now able to present the following lemmas. The first lemma is used to bound the
moments of some random quadratic forms, which play important role in random matrix the-
ory.

LEMMA 5.1 (Lemma B.26 in Bai and Silverstein (2010)). Let A = (ajk) be an n × n

nonrandom matrix and x = (x1, . . . , xn)
′ be a random vector of independent entries. Assume

that Exj = 0, E|xj |2 = 1 and E|xj |l ≤ νl . Then for p ≥ 1,

E
∣∣x∗Ax − tr A

∣∣p ≤ Cp

[(
ν4 tr AA∗)p/2 + ν2p tr

(
AA∗)p/2]

,

where Cp is a constant depending on p only.

The second lemma is used to obtain the covariance of two random quadratic forms. It will
be applied to find the limiting variance-covariance functions when establishing the CLTs.

LEMMA 5.2 (See (1.15) in Bai and Silverstein (2004)). Let x = (x1, . . . , xn)
′ be a ran-

dom vector of independent entries with 0 means and unit variances, then we have

E
(
x∗Ax − tr A

)(
x∗Bx − tr B

)=(
E|x1|4 − ∣∣Ex2

1
∣∣2 − 2

) n∑
i=1

aiibii + ∣∣Ex2
1
∣∣2 tr ABT + tr AB.

The next lemma is the well-known CLT for martingale.

LEMMA 5.3 (Theorem 35.12 of Billingsley (1995)). Suppose that for each n, Yn1, Yn2,

. . . , Ynrn is a real martingale difference sequence with respect to the increasing σ -field {Fnj }
with second moments. If, as n → ∞,

rn∑
j=1

E
(
Y 2

nj |Fn,j−1
) i.p.−→ σ 2,

where σ 2 is a positive constant, and, for each ε > 0,

rn∑
j=1

E
(
Y 2

nj I(|Ynj |≥ε)

) → 0,

then
rn∑

j=1

Ynrn

D→ N
(
0, σ 2).
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The following lemma is the key tool for establishing the CLTs for linear statistics of eigen-
vectors of sample correlation matrix and sample covariance matrix when ν4 
= 0. We believe
this lemma will have independent interest. It indicates that when n is large, A−1

j (z) is “close

to” Rn(z) in a certain sense and we shall replace A−1
j (z) with Rn(z) without changing the

limit in probability under some conditions.

LEMMA 5.4. For any nonrandom p-dimensional complex vectors a and b with uniformly
bounded Euclidean norms, under Assumptions (C1)–(C4) and |x1,1| ≤ ηnn

1/2 with ηn → 0,
we have

a∗(Bj2(z) + Bj3(z) + Bj4(z)
)
b → 0

in probability.

PROOF. Recall that x1, . . . ,xn are i.i.d.. For convenience of notation, we will prove this
lemma by removing xj from the samples without loss of generality. We have

(15)

E

∣∣∣∣∣
n∑

i=1

a∗b(z)Rn(z)

(
rir∗

i − 1

n
Rn

)
A−1

i (z)b

∣∣∣∣∣
2

=
n∑

i=1

E
∣∣∣∣a∗b(z)Rn(z)

(
rir∗

i − 1

n
Rn

)
A−1

i (z)b
∣∣∣∣2

+ ∣∣b(z)
∣∣2 E

∑
i 
=j

a∗Rn(z)

(
rir∗

i − 1

n
Rn

)
A−1

i (z)bb∗A−1
j (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z̄)a.

It is easy to see that, from Lemma 5.1,

(16)

n∑
i=1

E
∣∣∣∣a∗b(z)Rn(z)

(
rir∗

i − 1

n
Rn

)
A−1

i (z)b
∣∣∣∣2

=
n∑

i=1

E
∣∣∣∣r∗

i A−1
i (z)ba∗b(z)Rn(z)ri − 1

n
a∗b(z)Rn(z)RnA−1

i (z)b
∣∣∣∣2 = O

(
n−1).

Also, we have∣∣∣∣E∑
i 
=j

a∗Rn(z)

(
rir∗

i − 1

n
Rn

)
A−1

i (z)bb∗A−1
j (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z̄)a

∣∣∣∣
=

∣∣∣∣E∑
i 
=j

a∗Rn(z)

(
rir∗

i − 1

n
Rn

)(
A−1

i (z) − A−1
ij (z)

)
× bb∗(A−1

j (z̄) − A−1
ij (z̄)

)(
rj r∗

j − 1

n
Rn

)
Rn(z̄)a

∣∣∣∣
=

∣∣∣∣E∑
i 
=j

βj (i)(z)βi(j)(z̄)a∗Rn(z)

(
rir∗

i − 1

n
Rn

)
A−1

ij (z)rj r∗
j A−1

ij (z)

× bb∗A−1
ij (z̄)rir∗

i A−1
ij (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z̄)a

∣∣∣∣
(17)

≤ ∑
i 
=j

E1/2∣∣βj(i)(z)βi(j)(z̄)
∣∣2
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× E1/2
∣∣∣∣a∗Rn(z)

(
rir∗

i − 1

n
Rn

)
A−1

ij (z)rj r∗
j A−1

ij (z)bb∗A−1
ij (z̄)

× rir∗
i A−1

ij (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z̄)a

∣∣∣∣2
≤ C

∑
i 
=j

E1/2
∣∣∣∣a∗Rn(z)

(
rir∗

i − 1

n
Rn

)
A−1

ij (z)rj r∗
j A−1

ij (z)

× bb∗A−1
ij (z̄)rir∗

i A−1
ij (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z̄)a

∣∣∣∣2.
Note that

E
∣∣∣∣a∗Rn(z)

(
rir∗

i − 1

n
Rn

)
A−1

ij (z)rj r∗
j A−1

ij (z)

× bb∗A−1
ij (z̄)rir∗

i A−1
ij (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z̄)a

∣∣∣∣2
≤ C

{
E
∣∣∣∣r∗

i A−1
ij (z)rj r∗

j A−1
ij (z)bb∗A−1

ij (z̄)

× rir∗
i A−1

ij (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z̄)aa∗Rn(z)ri

∣∣∣∣2
+ 1

n2 E
∣∣∣∣a∗Rn(z̄)RnA−1

ij (z)rj r∗
j A−1

ij (z)

× bb∗A−1
ij (z̄)rir∗

i A−1
ij (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z)a

∣∣∣∣2}
≤ C

{
E
∣∣∣∣(r∗

i A−1
ij (z)rj r∗

j A−1
ij (z)bb∗A−1

ij (z̄)ri

− 1

n
r∗
j A−1

ij (z)bb∗A−1
ij (z̄)RnA−1

ij (z)rj

)

× r∗
i A−1

ij (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z)aa∗Rn(z̄)ri

∣∣∣∣2
+ 1

n2 E
∣∣∣∣r∗

i A−1
ij (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z)ar∗

j A−1
ij (z)

(18)

× bb∗A−1
ij (z̄)RnA−1

ij (z)rj a∗Rn(z̄)ri − 1

n
b∗A−1

ij (z̄)RnA−1
ij (z)rj a∗

×Rn(z̄)RnA−1
ij (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z)ar∗

j A−1
ij (z)b

∣∣∣∣2
+ 1

n2 E
∣∣∣∣r∗

i A−1
ij (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z)aa∗Rn(z̄)

× RnA−1
ij (z)rj r∗

j A−1
ij (z)bb∗A−1

ij (z̄)ri

− 1

n
r∗
j A−1

ij (z)bb∗A−1
ij (z̄)RnA−1

ij (z̄)

(
rj r∗

j − 1

n
Rn

)

×Rn(z)aa∗Rn(z̄)RnA−1
ij (z)rj

∣∣∣∣2
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+ 1

n4 E
∣∣∣∣r∗

j A−1
ij (z)bb∗A−1

ij (z̄)RnA−1
ij (z)rj a∗Rn(z̄)

× RnA−1
ij (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z)a

∣∣∣∣2
+ 1

n4 E
∣∣∣∣r∗

j A−1
ij (z)bb∗A−1

ij (z̄)RnA−1
ij (z̄)

(
rj r∗

j − 1

n
Rn

)

×Rn(z)aa∗Rn(z̄)RnA−1
ij (z)rj

∣∣∣∣2}.

We then deal with the five terms above.
First, by applying Lemma 5.1, we obtain that

(19)

E
∣∣∣∣(r∗

i A−1
ij (z)rj r∗

j A−1
ij (z)bb∗A−1

ij (z̄)ri − 1

n
r∗
j A−1

ij (z)bb∗A−1
ij (z̄)RnA−1

ij (z)rj

)

× r∗
i A−1

ij (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z)aa∗Rn(z̄)ri

∣∣∣∣2
≤ E1/2

∣∣∣∣r∗
i A−1

ij (z)rj r∗
j A−1

ij (z)bb∗A−1
ij (z̄)ri − 1

n
r∗
j A−1

ij (z)bb∗A−1
ij (z̄)RnA−1

ij (z)rj

∣∣∣∣4
× E1/2

∣∣∣∣r∗
jRn(z)aa∗Rn(z̄)rir∗

i A−1
ij (z̄)rj − 1

n
r∗
i A−1

ij (z̄)RnRn(z)aa∗Rn(z̄)ri

∣∣∣∣4
≤ Cn−1 E1/4∣∣r∗

j A−1
ij (z)bb∗A−1

ij (z̄)RnA−1
ij (z)bb∗A−1

ij (z̄)rj

∣∣4
× E1/4∣∣r∗

j A−1
ij (z)RnA−1

ij (z)rj

∣∣4
× (

n−1 E1/4∣∣r∗
i A−1

ij (z̄)RnA−1
ij (z)ri

∣∣4
× E1/4∣∣r∗

i Rn(z)aa∗Rn(z̄)RnRn(z)aa∗Rn(z̄)ri

∣∣4)
= o

(
n−4).

Second, also by applying Lemma 5.1 and taking the similar procedure we get

(20)

1

n2 E
∣∣∣∣r∗

i A−1
ij (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z)ar∗

j A−1
ij (z)bb∗A−1

ij (z̄)RnA−1
ij (z)rj a∗Rn(z̄)ri

− 1

n
b∗A−1

ij (z̄)RnA−1
ij (z)rj a∗Rn(z̄)RnA−1

ij (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z)ar∗

j A−1
ij (z)b

∣∣∣∣2
= o

(
n−4).

For the same reason, we have

(21)

1

n2 E
∣∣∣∣r∗

i A−1
ij (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z)aa∗Rn(z̄)RnA−1

ij (z)rj r∗
j A−1

ij (z)bb∗A−1
ij (z̄)ri

− 1

n
r∗
j A−1

ij (z)bb∗A−1
ij (z̄)RnA−1

ij (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z)aa∗Rn(z̄)RnA−1

ij (z)rj

∣∣∣∣2
= o

(
n−4).
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Furthermore, taking the same but more simple procedures, we have

(22)

1

n4 E
∣∣∣∣r∗

j A−1
ij (z)bb∗A−1

ij (z̄)RnA−1
ij (z)rj a∗Rn(z̄)RnA−1

ij (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z)a

∣∣∣∣2
= o

(
n−4),

and

(23)

1

n4 E
∣∣∣∣r∗

j A−1
ij (z)bb∗A−1

ij (z̄)RnA−1
ij (z̄)

(
rj r∗

j − 1

n
Rn

)
Rn(z)aa∗Rn(z̄)RnA−1

ij (z)rj

∣∣∣∣2
= o

(
n−4).

Substituting (19)–(23) to (18) then to (17), combining with (15)–(16), we then get

a∗Bj2(z)b
p→ 0.

Then, we have

E
∣∣a∗Bj3(z)b

∣∣ ≤ C

n∑
i=1

E1/2∣∣βi(z) − b(z)
∣∣2E1/2∣∣a∗Rn(z)rir∗

i A−1
i (z)b

∣∣2
≤ C

n

n∑
i=1

E1/2∣∣βi(z) − b(z)
∣∣2 = O

(
n−1/2)

and

E
∣∣a∗Bj4(z)b

∣∣ ≤ C

n

n∑
i=1

E1/2∣∣a∗Rn(z)A
−1
i (z)rir∗

i A−1
i (z)b

∣∣2 = O
(
n−1).

Combining the argument above, we finally get that

E
∣∣a∗(Bj2(z) + Bj3(z) + Bj4(z)

)
b
∣∣ = o(1).(24)

The proof of the lemma is complete. �

The remaining lemmas all concern the properties of random diagonal matrices D�n −
I, D�j

− I and D
(−j)
�n

. They are helpful in dealing with those terms that were caused by
normalization using sample variances when we consider the properties of sample correlation
matrices. In particular, we successfully relax the moment condition of some existing results
for sample correlation matrices by virtue of Lemma 5.7.

LEMMA 5.5. Assume that Ex1,1 = 0, E |x1,1|2 = 1, E |x1,1|4 < ∞ and |x1,1| ≤ ηn

√
n.

Then for any given j and l, we have E‖D(−j)
�n

‖l → 0, E‖D�n − I‖l → 0, as n → ∞.

PROOF. Note that D�n − I is a diagonal matrix and its kth diagonal entry is dk =∑n
j=1(

1
n

g∗
kxj x∗

j gk − 1
n
). Thus we have ‖D�n − I‖l = maxp

k=1 |∑n
j=1(

1
n

g∗
kxj x∗

j gk − 1
n
)|l ,

where g∗
k is the kth row of the matrix Gn. Denote �k,j = (g∗

kxj x∗
j gk − 1) = (x∗

j gkg∗
kxj − 1),

then from Lemma 5.1, we have that for l ≤ 2, E |�i,j |l ≤ C and for l > 2, E |�i,j |l ≤ ηnn
l−2.

Thus we obtain that for any even l,

(25)

E|dk|l = E

(
1

n

n∑
j=1

(
g∗
kxj x∗

j gk − 1
))l

= 1

nl

n∑
j1,j2,...,jl=1

E
l∏

t=1

(
g∗
kxjt x

∗
jt

gk − 1
)

≤ n−l(Cl,1n
l/2(E |�k,j |2)l/2 + Cl,2n

l/2−1(E |�k,j |2)l/2−3(E |�k,j |3)2

+ · · · + nE |�k,j |l)) = o
(
n−1),
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where for any j = 1, . . . ,Cl,j stands for a constant only depending on l. In the last step above
we used the fact that the number of terms is bounded by a constant depend on l.

For l odd, the above results also hold due to the fact E |dk|l−1 ≤ (E |di,i |l)(l−1)/ l . Thus we
arrive at E‖D�n − I‖l → 0 as n → ∞ since the above result is uniform for all 1 ≤ k ≤ p.

For the same reason, we have E‖D(−j)
�n

‖l → 0.
We hence complete the proof of this lemma. �

LEMMA 5.6. Assume that Ex1,1 = 0, E |x1,1|2 = 1 and |x1,1| ≤ ηnn
1/4 with ηn → 0. For

any given j and l, as n → ∞, we have:

(1): E |γ̂j (z)|l = O(n−l/2),
(2): E |r∗

j A−1
j (z)πnπ

∗
n A−1

j (z)rj |l = O(nmax{−l/2−1,−l}),
(3): E |r∗

j A−1
j (z)πnπ

∗
nD

(−j)
�n

A−1
j (z)rj |l = o(nmax{−l/2−1,−l}),

(4): E‖(D�j
− I)‖l = o(nl/2−1) when l > 2 and E‖(D�j

− I)‖l = O(1) when l ≤ 2.

PROOF. By Lemma 5.1 and Lemma 5.5, we have that

(26)

E
∣∣r∗

j A−1
j (z)πnπ

∗
nD

(−j)
�n

A−1
j (z)rj

∣∣l
= E

∣∣∣∣(r∗
j A−1

j (z)πnπ
∗
nD

(−j)
�n

A−1
j (z)rj − 1

n
π∗

nD
(−j)
�n

A−1
j (z)RnA−1

j (z)πn

)

+ 1

n
π∗

nD
(−j)
�n

A−1
j (z)RnA−1

j (z)πn

∣∣∣∣l
≤ Cn−l E

(∣∣π∗
nD

(−j)
�n

A−1
j (z)RnA−1

j (z̄)D
(−j)
�n

πn

∣∣l/2

+ (
ηnn

1/4)max{(2l−4),0}∣∣π∗
nD

(−j)
�n

A−1
j (z)RnA−1

j (z̄)D
(−j)
�n

πn

∣∣l/2)
≤ Cn−lnmax{l/2−1,0} E

∥∥D(−j)
�n

∥∥l = o
(
nmax{−l/2−1,−l}).

This proves (3). The proofs of (1), (2) and (4) are the same thus omitted. �

LEMMA 5.7. Under Assumptions (C1)–(C3), we have

‖D�n − I‖ = o(1), a.s.

and

‖D�n − I‖ = Op

(
n−1/2).

PROOF. Recall that � = 1
n

GXX∗G∗. Note that the kth diagonal entry of D�n − I is
dk = ∑n

j=1(
1
n

g∗
kxj x∗

j gk − 1
n
). Denote �k,j = (g∗

kxj x∗
j gk − 1) = (x∗

j gkg∗
kxj − 1), we know

that for any given k, {�k,1, . . . ,�k,n} is a sequence of i.i.d. random variables. It is easy to see
that E |�k,1|2 ≤ C < ∞ and E |�i,j |l ≤ (ηnn)l−2 for l > 2. Thus the second conclusion is an
easy consequence of (25) by choosing l = 2.

We now turn to the first conclusion. To obtain the a.s. convergence under the fourth mo-
ment condition, we need to do more than what we did in the proof of Lemma 5.5. Under As-
sumptions (C1)–(C3), following a standard technical, we will truncate the variable at ηn

√
n,

where ηn is a sequence converging to 0. This part is postponed to the Appendix.
After the truncation and recentralization step, choose l to be an even number in the region

[log(nη4
n/(ν4 + 3)), log(nη4

n/(ν4 + 3))]. Now, since l tends to infinity, we need to reconsider
the bounds on high order moments of �k,jt . First, it is easy to verify from 5.2 that E |�k,jt |2 ≤
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ν4 + 2. Then, noting that the matrix gkg∗
k is of rank 1, by the proof of Lemma 9.1 in Bai and

Silverstein (2010), we know that for large n,

E |�k,jt |	 ≤ (ν4 + 3)80ln	−2η2(	−2)
n ≤ 6400(ν4 + 3)(80ηn)

	−2(ηnn)	−2 ≤ (ηnn)	−2

when 2 < 	 ≤ √
2 log(nη4

n/(ν4 + 3)). Recall that

(27) E|dk|l = E

(
1

n

n∑
j=1

(
g∗
kxj x∗

j gk − 1
))l

= 1

nl

n∑
j1,j2,...,jl=1

E
l∏

t=1

�k,jt .

It is easy to see by the independence of x1, . . . ,xn that if there is a single j in the sequence
(j1, . . . , jl) then the expectation of the term

∏l
t=1 �k,jt is zero. Thus we only need to con-

sider the terms that have contribution to the moment, that is, those terms where there is no
single j in the sequence (j1, . . . , jl). To achieve this, let us denote m as the number of di-
mensional j ’s in the sequence (j1, . . . , jl), denote the noncoincident j ’s as j1, . . . , jm (index
are set according to the order of appearance) respectively, also denote qζ for 1 ≤ ζ ≤ m as
the number of the multiplicity of jζ . Immediate results are

m ≤ l/2,

m∑
ζ=1

qζ = l.

Now, to find the bound of (27), we need the following steps.

(1): Set the arrangement of different j1, . . . , jm and bound the number of different ar-
rangements.

Since the first appearance of j1 must take place at the first place of sequence j1, . . . , jl ,
the number of different arrangements of the first appearance of j1, . . . , jm is

( l−1
m−1

)
. Then the

number of different arrangements of the second appearances of j1, . . . , jm can be bounded by(l−m
m

)
. All other arrangements can obviously be bounded by ml−2m.

(2): Bound the expectation by the given arrangements.
We have

(28) E
m∏

ζ=1

(�k,jζ
)qζ ≤

m∏
ζ=1

E |�k,jζ
|qζ ≤ (ν4 + 2)m

m∏
ζ=1

(ηnn)qζ −2 = (ν4 + 2)m(ηnn)l−2m.

Now, combining the arguments above, we finally arrive at when n large and
4
√

ηnl

logn
→ 0,

(29)

E|dk|l ≤ 1

nl

l/2∑
m=1

nm

(
l − 1
m − 1

)(
l − m

m

)
ml−2m(ν4 + 2)m(ηnn)l−2m

≤ ηl
n

l/2∑
m=1

nmlmlmml−2m(ν4 + 2)m(ηnn)−2m ≤ ηl
n

l/2∑
m=1

l2mml−2mn−m/2

≤ ηl
n

l/2∑
m=1

(
ln−1/8)2m

ml−2mn−m/4 ≤ ηl
n

l/2∑
m=1

(m + 1)l
(
n1/4)−m

≤ ηl
n

l/2∑
m=1

n1/4
(

l

logn1/4

)l

≤ (ηn)
l/2.

Here, in the second to last inequality we use the fact that

a−c(c + 1)b ≤ a

(
b

loga

)b
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for a > 1, b > 0, c > 0. Thus we have for any ε > 0, and any t , as n large enough,

(30) P
(‖D�n − I‖ > ε

) ≤ (ε
√

ηn)
l ≤ n−t .

The proof of this lemma is thus complete. �

Next we will proceed with our proofs of the theorems.

5.2. Proof of Theorem 3.1. Under (C1)–(C4), we have from Lemma 5.7 that ‖D�n −
I‖ → 0 a.s. This implies that ‖D−1/2

�n
− I‖ → 0 almost surely. We thus have

(31)

∥∥D−1/2
�n

�nD
−1/2
�n

− �n

∥∥
= ∥∥D−1/2

�n
�nD

−1/2
�n

− �nD
−1/2
�n

+ �nD
−1/2
�n

− �n

∥∥
≤ ∥∥(D−1/2

�n
− I

)
�nD

−1/2
�n

∥∥+ ∥∥�n

(
D

−1/2
�n

− I
)∥∥ → 0, a.s.

Here we used the fact that ‖n−1XnXT
n ‖ → (1+√

ρ)2, a.s. as n → ∞, which implies ‖�n‖ ≤
C‖Rn‖(1+√

ρ)2, a.s. Then the first result of this theorem follows from the well-known Weyl
inequality.

We now treat the second and the last results. When Gn = I, note that

P
(
λmax(R̂n) > (1 + √

ρ)2 + ε
)

≤ P
(
λmax

(
n−1XnXT

n

)
> (1 + √

ρ)2 + ε
)+ P

(
λmax(D�n) > 1 + ε

)
,

and

P
(
λmin(R̂n) < I(0,1)(ρ)(1 − √

ρ)2 − ε
)

≤ P
(
λmin

(
n−1XnXT

n

)
< I(0,1)(ρ)(1 − √

ρ)2 − ε
)+ P

(
λmin(D�n) < 1 − ε

)
,

the last two results follows from Theorem 9.13 in Bai and Silverstein (2010) and (30).

5.3. Proof of Theorem 3.2. Theorem 1 in Bai and Silverstein (1998) considers the corre-
sponding result for sample covariance matrices. Adapting this result to �n, combining with
(31) and Weyl’s inequality, we get the desired result.

5.4. Proof of Theorem 3.3. First, by Lemma 5.7, it is easy to see that

(32)
π∗

n (R̂n − zI)−1πn − π∗
n (�n − zI)−1πn

= π∗
n (R̂n − zI)−1(�n − R̂n)(�n − zI)−1πn = oa.s.(1).

In Bai, Miao and Pan (2007), it is proved that

π∗
n (�n − zI)−1πn − (−z−1π∗

n

(
1 + s(z)Rn

)−1
πn

) = oa.s.(1).

Then the first conclusion of this theorem is the consequence of the fact sFρn,Hn (z) − s(z) =
o(1). And the second conclusion is from the fact that when the condition (IC1) is satisfied,
we have

−z−1π∗
n

(
1 + s(z)Rn

)−1
πn →

∫ 1

−z(s(z)t + 1)
dH(t) = s(z).
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5.5. Proofs of Theorem 3.4, Corollary 3.1 and Corollary 3.2. This subsection is devoted
to dealing with the proofs of Theorem 3.4, Corollary 3.1 and Corollary 3.2. Notice that these
two corollaries are both special cases of Theorem 3.4. Their proofs will be involved in the
proof of Theorem 3.4 and the differences only appear in Section 5.5.5.

Note that for any cumulative distribution function G and any function g that is analytic on
an open set containing the support of G, we have by the Cauchy integral formula that∫

g(x) dG(x) = − 1

2π i

∫
C
g(z)sG(z) dz,

where C is a contour properly chosen as given in Section 5.5.1. Following the idea of Bai and
Silverstein (2004), the proof of Theorem 3.4 is based on analyzing the sequence of random
processes defined by

Mn(z) = √
n
(
s
F

R̂n
v,πn

− sRn
ρn,πn

) = √
n
(
π∗

n (R̂n − zI)−1πn − sRn
ρn,πn

)
.

The sketch of the proof is as follows.

• Step 1: To handle the high order moments, we first truncate the underlying variable at a
proper order of n.

• Step 2: In Section 5.5.2, we decompose π∗
n (R̂n − zI)−1πn into several parts.

• Step 3: We find in Section 5.5.3 the main terms that contribute to the limiting property of
the random process

Mn,1(z) = √
n
(
π∗

n (R̂n − zI)−1πn − Eπ∗
n (R̂n − zI)−1πn

)
.

• Step 4: In Sections 5.5.4–5.5.6, we obtain the CLT for Mn,1(z) by applying Lemma 5.3
and prove the tightness.

• Step 5: It is proved in Section 5.5.7 that

Mn,2(z) = √
n
(
Eπ∗

n (R̂n − zI)−1πn − sRn
ρn,πn

)
convergences to 0.

Combining the above Steps, we complete the proof of Theorem 3.4, Corollary 3.1 and Corol-
lary 3.2.

The truncation step is essentially the same as Section 7 in Bai, Miao and Pan (2007) by
making slight adjustments and thus omitted to reduce the length of the paper. After trunca-
tion, recentralization and rescale, we will proceed with our proof by assuming E x1,1 = 0,
E |x1,1|2 = 1, |x1,1| ≤ ηnn

1/4 and E |x1,1|4 < ∞. We now proceed the remaining steps one by
one.

5.5.1. The choosing of contour C. We define the contour C as

C = C	 ∪ Cu ∪ Cb ∪ Cr ,

where

Cu = {
x + iν0 : x ∈ [x	, xr ]}, C	 = {

x	 + iν : |ν| ≤ ν0
}
,

Cb = {
x − iν0 : x ∈ [x	, xr ]}, Cr = {

xr + iν : |ν| ≤ ν0
}
,

where xr is a number which is greater than the right endpoint of interval (6) and x	 is a
negative number if the left endpoint of interval ((6)) is zero, otherwise x	 is a positive number
smaller than the left endpoint of interval (6), and ν0 > 0 is to be determined. Let Cn = C ∩{z :
|�z| > n−2}. Define Bn = {(λmin(R̂n) < x	) ∪ (λmax(R̂n) > xr)}. By Theorem 3.1, we have
that P(Bn) = o(n−t ) for any given t > 0.
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Let

M̂n(z) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Mn(z) if z ∈ Cn,

Mn

(
x	 + in−2) if �z = x	,�z ∈ [

0, n−2],
Mn

(
x	 − in−2) if �z = x	,�z ∈ [−n−2,0

)
,

Mn

(
xr + in−2) if �z = xr,�z ∈ [

0, n−2],
Mn

(
xr − in−2) if �z = xr,�z ∈ [−n−2,0

)
.

Observe that on event Bn, when �z equals either x	 or xr , we have |Mn(z)| ≤ 1/ε, hence∣∣∣∣p ∮
C
g(z)

(
Mn(z) − M̂n(z)

)
dz

∣∣∣∣ = ∣∣∣∣p ∮
C\Cn

g(z)
(
Mn(z) − M̂n(z)

)
dz

∣∣∣∣ ≤ K
p

n2 · 1/ε = o(1).

Therefore, in order to establish the limit theorem for p
∮
C g(z)Mn(z) dz, it suffices to study

p
∮
C g(z)M̂n(z) dz. Furthermore, since �(z) can be chosen to be arbitrarily small, the contri-

bution from the segments C	 and Cr can be made small as well. This allows us to focus only
on z ∈ Cu ∪ Cb in the following.

5.5.2. Decomposition of π∗
n (R̂n − zI)−1πn. We here want to decompose the main object

π∗
n (R̂n − zI)−1πn into several parts.
Using the formula for any matrix A and B, A−1 −B−1 = A−1(B−A)B−1, and Lemma 5.7

we have

(33)

π∗
n (R̂n − zI)−1πn

= π∗
n

(
D

−1/2
�n

�D
−1/2
�n

− zI
)−1

πn = π∗
nD

1/2
�n

(�n − zD�n)
−1D

1/2
�n

πn

= π∗
n

(
D

1/2
�n

(�n − zI)−1D
1/2
�n

+ zD
1/2
�n

(�n − zD�n)
−1(D�n − I)(�n − zI)−1D

1/2
�n

)
πn

= π∗
nD

1/2
�n

(�n − zI)−1D
1/2
�n

πn + zπ∗
nD

1/2
�n

(�n − zI)−1(D�n − I)(�n − zI)−1D
1/2
�n

πn

+ z2π∗
nD

1/2
�n

(�n − zD�n)
−1(D�n − I)(�n − zI)−1(D�n − I)(�n − zI)−1D

1/2
�n

πn

= π∗
nD

1/2
�n

(�n − zI)−1D
1/2
�n

πn + zπ∗
nD

1/2
�n

(�n − zI)−1(D�n − I)(�n − zI)−1D
1/2
�n

πn

+ z2π∗
nD

1/2
�n

(�n − zI)−1(D�n − I)(�n − zI)−1(D�n − I)(�n − zI)−1D
1/2
�n

πn

+ o
(‖D�n − I‖2).

Then, noting that

D
1/2
�n

= I + 2−1(D�n − I) − 8−1(D�n − I)2 + o
(
(D�n − I)2)

when e′
j (D�n − I)ej = o(1) for any j = 1, . . . , p, we obtain that

π∗
n (R̂ − zI)−1πn

= π∗
n (�n − zI)−1πn + 2−1π∗

n (D�n − I)(�n − zI)−1πn

+ 2−1π∗
n (�n − zI)−1(D�n − I)πn + zπ∗

n (�n − zI)−1(D�n − I)(�n − zI)−1πn

+ 4−1π∗
n (D�n − I)(�n − zI)−1(D�n − I)πn

− 8−1π∗
n (�n − zI)−1(D�n − I)2πn − 8−1π∗

n (D�n − I)2(�n − zI)−1πn

+ 2−1zπ∗
n (D�n − I)(�n − zI)−1(D�n − I)(�n − zI)−1πn
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+ 2−1zπ∗
n (�n − zI)−1(D�n − I)(�n − zI)−1(D�n − I)πn

+ z2π∗
n (�n − zI)−1(D�n − I)(�n − zI)−1(D�n − I)(�n − zI)−1πn

+ o
(‖D�n − I‖2).

:= �0 + 2−1�1 + 2−1�2 + z�3 + 4−1�4 − 8−1�5 − 8−1�6

+ 2−1z�7 + 2−1z�8 + z2�9 + o
(‖D�n − I‖2).

It turns out that the first term �0 is exactly the random process determined by sample covari-
ance matrix �n, which had been fully considered in the investigation of the properties of the
eigenvector of the sample covariance matrix. While the other additional terms in the sample
correlation case are all caused by the normalization using sample variances. Fortunately, un-
der the existence of the fourth moment of the underlying distribution, it is proved that most
of the additional terms have no contributions to the asymptotic properties.

5.5.3. Simplify the terms to their main parts. Note that according to Lemma 5.7, there
are only four terms, say �0, . . . ,�3, that have contribution to the limit of Mn(z). In this
subsection, we will simplify the terms �0, . . . ,�3 by splitting them into several terms and
determine the corresponding main terms and remove all other terms that convergence to 0 in
probability. We will proceed one by one.

5.5.3.1. Simplification of �0. The limit properties of �0 = π∗
n (�n − zI)−1πn has been

investigated in Bai, Miao and Pan (2007) and the main term is proved to be

φ0,j (z) = −√
nzs(z)Ej δj (z).

5.5.3.2. Simplification of �1 and �2. Now we consider the terms �1 and �2. By (11) we
have

(34)

√
n(�1 − E�1)

= √
n

n∑
j=1

(Ej −Ej−1)π
∗
n (D�n − I)A−1(z)πn

= √
n

n∑
j=1

(Ej −Ej−1)
(
π∗

n (D�n − I)A−1(z)πn − π∗
nD

(−j)
�n

A−1
j (z)πn

)

= 1√
n

n∑
j=1

Ej π∗
n (D�j

− I)A−1
j (z)πn

− √
n

n∑
j=1

(Ej − Ej−1)βj (z)π
∗
nD

(−j)
�n

A−1
j (z)rj r∗

j A−1
j (z)πn

− 1√
n

n∑
j=1

(Ej − Ej−1)βj (z)π
∗
n (D�j

− I)A−1
j (z)rj r∗

j A−1
j (z)πn

:=
n∑

j=1

φ1,j (z) + �1,1 + �1,2.
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Applying Lemma 5.5 and 5.6, we obtain

(35)

E

∣∣∣∣∣−√
n

n∑
j=1

(Ej − Ej−1)βj (z)π
∗
nD

(−j)
�n

A−1
j (z)rj r∗

j A−1
j (z)πn

∣∣∣∣∣
2

≤ n

n∑
j=1

E
∣∣βj (z)π

∗
nD

(−j)
�n

A−1
j (z)rj r∗

j A−1
j (z)πn

∣∣2
≤ Cn

n∑
j=1

E
∣∣π∗

nD
(−j)
�n

A−1
j (z)rj r∗

j A−1
j (z)πn

∣∣2
= o(1),

and

(36)

E

∣∣∣∣∣ 1√
n

n∑
j=1

(Ej − Ej−1)βj (z)π
∗
n (D�j

− I)A−1
j (z)rj r∗

j A−1
j (z)πn

∣∣∣∣∣
2

≤ Cn−1
n∑

j=1

E
∣∣π∗

n (D�j
− I)A−1

j (z)rj r∗
j A−1

j (z)πn

∣∣2
≤ Cn−1

n∑
j=1

√
E
∥∥(D�j

− I)
∥∥4
√

E
∣∣π∗

n A−1
j (z)rj r∗

j A−1
j (z)πn

∣∣4
= O

(
n−1),

which implies that both �1,1 and �1,2 converge to 0 in probability.
Following the same procedures, we can obtain that

√
n(�2 − E�2) =

n∑
j=1

φ2,j (z) + op(1),

where φ2,j (z) = 1√
n

Ej π∗
n A−1

j (z)(D�j
− I)πn.

5.5.3.3. Simplification of �3. Now we turn to �3. By equation (11), we have
√

n
(
π∗

n (�n − zI)−1(D�n − I)(�n − zI)−1πn

− Eπ∗
n (�n − zI)−1(D�n − I)(�n − zI)−1πn

)
= √

n

n∑
j=1

(Ej −Ej−1)
(
π∗

n A−1(z)(D�n − I)A−1(z)πn

− π∗
n A−1

j (z)D
(−j)
�n

A−1
j (z)πn

)
= √

n

n∑
j=1

(Ej −Ej−1)
(
π∗

n A−1
j (z)(D�n − I)A−1

j (z)πn

− π∗
n A−1

j (z)D
(−j)
�n

A−1
j (z)πn

− βj (z)π
∗
n A−1

j (z)rj r∗
j A−1

j (z)(D�n − I)A−1
j (z)πn

(37)
− βj (z)π

∗
n A−1

j (z)(D�n − I)A−1
j (z)rj r∗

j A−1
j (z)πn
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+ βj (z)
2π∗

n A−1
j (z)rj r∗

j A−1
j (z)(D�n − I)A−1

j (z)rj r∗
j A−1

j (z)πn

)
= √

n

n∑
j=1

(Ej −Ej−1)
(
π∗

n A−1
j (z)(D�j

− I)A−1
j (z)πn

− βj (z)π
∗
n A−1

j (z)rj r∗
j A−1

j (z)(D�n − I)A−1
j (z)πn

− βj (z)π
∗
n A−1

j (z)(D�n − I)A−1
j (z)rj r∗

j A−1
j (z)πn

+ βj (z)
2π∗

n A−1
j (z)rj r∗

j A−1
j (z)(D�n − I)A−1

j (z)rj r∗
j A−1

j (z)πn

)
:=

n∑
j=1

φ3,j (z) + �3,1 + �3,2 + �3,3.

Following the same procedure as we did in the last paragraph, we can prove that both �3,1
and �3,2 are op(1).

Then by Lemmas 5.6 and 5.5, we have

(38)

E

∣∣∣∣∣√n

n∑
j=1

(Ej −Ej−1)βj (z)
2π∗

n A−1
j (z)rj r∗

j A−1
j (z)(D�n − I)A−1

j (z)rj r∗
j A−1

j (z)πn

∣∣∣∣∣
2

≤ Cn

n∑
j=1

√
E
∣∣r∗

j A−1
j (z)(D�n − I)A−1

j (z)rj

∣∣4√E
∣∣r∗

j A−1
j (z)πnπ∗

n A−1
j (z)rj

∣∣4
= o(1).

Thus we have �3,3 convergence in probability to 0.
Now, we consider the limiting properties of the process

ϒ(z) :=
n∑

j=1

(
φ0,j (z) + φ1,j (z) + φ2,j (z) + φ3,j (z)

)
.

To achieve this, we will draw support from the CLT for martingale, say Lemma 5.3.

5.5.4. Verify the Lindeberg condition. For any z1, . . . , zr ∈ C+, α1, . . . , αr ∈ C and any
ε > 0, we have

(39)

n∑
j=1

E

(∣∣∣∣∣
r∑

	=1

αlφ1,j (z	)

∣∣∣∣∣
2

I

(∣∣∣∣∣
r∑

	=1

αlφ1,j (z	)

∣∣∣∣∣ ≥ ε

))

≤ 1

ε2

n∑
j=1

E

∣∣∣∣∣
r∑

	=1

αlφ1,j (z	)

∣∣∣∣∣
4

= 1

ε2

n∑
j=1

E

∣∣∣∣∣
r∑

	=1

α	Ej

1√
n
π∗

n (D�j
− I)A−1

j (zl)πn

∣∣∣∣∣
4

= o(1).

For the same reason, we have

(40)

n∑
j=1

E

(∣∣∣∣∣
r∑

	=1

αlφ2,j (z	)

∣∣∣∣∣
2

I

(∣∣∣∣∣
r∑

	=1

αlφ2,j (z	)

∣∣∣∣∣ ≥ ε

))

≤ 1

ε2

n∑
j=1

E

∣∣∣∣∣
r∑

	=1

α	Ej

1√
n
π∗

n A−1
j (zl)(D�j

− I)πn

∣∣∣∣∣
4

= o(1),
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and

(41)

n∑
j=1

E

(∣∣∣∣∣
r∑

	=1

αlφ3,j (z	)

∣∣∣∣∣
2

I

(∣∣∣∣∣
r∑

	=1

αlφ3,j (z	)

∣∣∣∣∣ ≥ ε

))

≤ 1

ε2

n∑
j=1

E

∣∣∣∣∣
r∑

	=1

α	Ej

1√
n
π∗

n A−1
j (zl)(D�j

− I)A−1
j (zl)πn

∣∣∣∣∣
4

= o(1).

Thus the second condition in Lemma 5.3 is satisfied.

5.5.5. Convergence in finite dimensions. We now focus on determining the variance-

covariance function. In the following, we use “ I=” to denote equal under the isotropic con-

ditions (corresponds to Corollary 3.1) and use “N=” to denote equal under the null case
Rn = Gn = Ip (corresponds to Corollary 3.2). We will frequently use the relationship

1

z(1 + s(z))
= −s(z),

and

Lπ = Lπ,G = L(1)
π,G = L(2)

π,R = L(3)
π,G = lim

n→∞
n∑

k=1

|π(k)|4,

under the null case.
We have from Lemma 5.2, Lemma 5.4, and (4.7)–(4.25) in Bai, Miao and Pan (2007) that

(42)

n∑
j=1

Ej−1 φ0,j (z1)φ0,j (z2)

= z1z2s(z1)s(z2)

n

n∑
j=1

Ej−1
(
Ej δj (z1)Ej δj (z2)

)
= z1z2s(z1)s(z2)

n

×
n∑

j=1

(
ν4

p∑
k=1

e′
kG∗

nRn(z1)πnπ
∗
nRn(z1)Gneke

′
kG∗

nRn(z2)πnπ
∗
nRn(z2)Gnek

+ α Ej−1 tr Ej A−1
j (z1)πnπ

∗
n A−1

j (z1)Rn Ej A−1
j (z2)πnπ

∗
n A−1

j (z2)Rn

)
+ op(1)

→ ν4s(z1)s(z2)

z1z2

× lim
n→∞

p∑
k=1

e′
kG∗

nRn(z1)πnπ
∗
nRn(z1)Gneke

′
kG∗

nRn(z2)πnπ
∗
nRn(z2)Gnek

+ α(s(z2) − s(z1))

z1z2(z2 − z1)
lim

n→∞π∗
nRn(z1)RnRn(z2)πnπ

∗
nRn(z2)RnRn(z1)πn

I= lim
n→∞

(
ν4z1z2s

2(z1)s
2(z2)s(z1)s(z2)L(1)

π,G + α(z2s(z2) − z1s(z1))
2

ρ2z1z2(z2 − z1)(s(z2) − s(z1))

)
N= ν4s(z1)s(z2)Lπ

z1z2(1 + s(z1))2(1 + s(z2))2 + α(z2s(z2) − z1s(z1))
2

ρ2z1z2(z2 − z1)(s(z2) − s(z1))
.
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Also, we can obtain that

(43)

n∑
j=1

Ej−1 φ1,j (z1)φ1,j (z2)

= 1

n

n∑
j=1

Ej−1
(
Ej π∗

n (D�j
− I)A−1

j (z1)πn Ej π∗
n (D�j

− I)A−1
j (z2)πn

)

= 1

n

n∑
j=1

p∑
k,l=1

Ej e′
kA−1

j (z1)πnπ
∗
nek Ej e′

lA
−1
j (z2)πnπ

∗
nel

× E
[(

x∗
j gkg∗

kxj − 1
)(

x∗
j glg∗

l xj − 1
)]

= 1

n

n∑
j=1

p∑
k,l=1

Gkl(ν4, α)Ej e′
kA−1

j (z1)πnπ
∗
nek Ej e′

lA
−1
j (z2)πnπ

∗
nel

=
p∑

k,l=1

Gkl(ν4, α)e′
kRn(z1)πnπ

∗
neke

′
lRn(z2)πnπ

∗
nel + op(1)

→ z−1
1 z−1

2 lim
n→∞

p∑
k,l=1

Gkl(ν4, α)e′
kRn(z1)πnπ

∗
neke

′
lRn(z2)πnπ

∗
nel

I= lim
n→∞

(∫
z−1

1 dHn(t)

sFρn,Hn (z1)t + 1

)(∫
z−1

2 dHn(t)

sFρn,Hn (z2)t + 1

)(
ν4L(2)

π,G + αLπ,R
)

N= (ν4 + α)Lπ

z1z2(1 + s(z1))(1 + s(z2))
,

and

(44)

n∑
j=1

Ej−1 φ2,j (z1)φ2,j (z2)

= 1

n

n∑
j=1

Ej−1
(
Ej π∗

n A−1
j (z1)(D�j

− I)πn Ej π∗
n A−1

j (z2)(D�j
− I)πn

)

= 1

n

n∑
j=1

p∑
k,l=1

Gkl(ν4, α)Ej e′
kπnπ

∗
n A−1

j (z1)ek Ej e′
lπnπ

∗
n A−1

j (z2)el

=
p∑

k,l=1

Gkl(ν4, α)e′
kπnπ

∗
nRn(z1)eke

′
lπnπ

∗
nRn(z2)el + op(1)

→ z−1
1 z−1

2 lim
n→∞

p∑
k,l=1

Gkl(ν4, α)e′
kπnπ

∗
nRn(z1)eke

′
lπnπ

∗
nRn(z2)el

I= lim
n→∞

(∫
z−1

1 dHn(t)

sFρn,Hn (z1)t + 1

)(∫
z−1

2 dHn(t)

sFρn,Hn (z2)t + 1

)(
ν4L(2)

π,G + αLπ,R
)

N= (ν4 + α)Lπ

z1z2(1 + s(z1))(1 + s(z2))
.
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What is more, we get

(45)

n∑
j=1

Ej−1 φ3,j (z1)φ3,j (z2)

= 1

n

n∑
j=1

Ej−1
(
Ej π∗

n A−1
j (z1)(D�j

− I)A−1
j (z1)πn

× Ej π∗
n A−1

j (z2)(D�j
− I)A−1

j (z2)πn

)
= 1

n

n∑
j=1

p∑
k,l=1

Ej e′
kA−1

j (z1)πnπ
∗
n A−1

j (z1)ek Ej e′
lA

−1
j (z2)πnπ

∗
n A−1

j (z2)el

× E
[(

x∗
j gkg∗

kxj − 1
)(

x∗
j glg∗

l xj − 1
)]

= 1

n

n∑
j=1

p∑
k,l=1

Gkl(ν4, α)Ej e′
kA−1

j (z1)πnπ
∗
n A−1

j (z1)ek

× Ej e′
lA

−1
j (z2)πnπ

∗
n A−1

j (z2)el

=
p∑

k,l=1

Gkl(ν4, α)e′
kRn(z1)πnπ

∗
nRn(z1)eke

′
lRn(z2)πnπ

∗
nRn(z2)el + op(1)

→ z−2
1 z−2

2 lim
n→∞

p∑
k,l=1

Gkl(ν4, α)e′
kRn(z1)πnπ

∗
nRn(z1)eke

′
lRn(z2)πnπ

∗
nRn(z2)el

I= z−2
1 z−2

2 lim
n→∞

(∫
z−1

1 dHn(t)

sFρn,Hn (z1)t + 1

)2(∫ z−1
2 dHn(t)

sFρn,Hn (z2)t + 1

)2(
ν4L(2)

π,G + αLπ,R
)

N= (ν4 + α)Lπ

z2
1z

2
2(1 + s(z1))2(1 + s(z2))2

.

Similarly, we have

(46)

n∑
j=1

Ej−1 φ1,j (z1)φ2,j (z2)

= 1

n

n∑
j=1

p∑
k,l=1

Gkl(ν4, α)Ej e′
kA−1

j (z1)πnπ
∗
nek Ej e′

lπnπ
∗
n A−1

j (z2)el

=
p∑

k,l=1

Gkl(ν4, α)e′
kRn(z1)πnπ

∗
neke

′
lπnπ

∗
nRn(z2)el + op(1)

→ z−1
1 z−1

2 lim
n→∞

p∑
k,l=1

Gkl(ν4, α)e′
kRn(z1)πnπ

∗
neke

′
lπnπ

∗
nRn(z2)el

I= lim
n→∞

(∫
z−1

1 dHn(t)

sFρn,Hn (z1)t + 1

)(∫
z−1

2 dHn(t)

sFρn,Hn (z2)t + 1

)(
ν4L(2)

π,G + αLπ,R
)

N= (ν4 + α)Lπ

z1z2(1 + s(z1))(1 + s(z2))
,
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and

(47)

n∑
j=1

Ej−1 φ1,j (z1)φ3,j (z2)

= 1

n

n∑
j=1

p∑
k,l=1

Gkl(ν4, α)Ej e′
kA−1

j (z1)πnπ
∗
nek Ej e′

lA
−1
j (z2)πnπ

∗
n A−1

j (z2)el

=
p∑

k,l=1

Gkl(ν4, α)e′
kRn(z1)πnπ

∗
neke

′
lRn(z2)πnπ

∗
nRn(z2)el + op(1)

→ z−1
1 z−2

2 lim
n→∞

p∑
k,l=1

Gkl(ν4, α)e′
kRn(z1)πnπ

∗
neke

′
lRn(z2)πnπ

∗
nRn(z2)el

I= lim
n→∞

(∫ −z−1
1 dHn(t)

sFρn,Hn (z1)t + 1

)(∫
z−2

2 dHn(t)

sFρn,Hn (z2)t + 1

)2(
ν4L(2)

π,G + αLπ,R
)

N= −(ν4 + α)Lπ

z1z
2
2(1 + s(z1))(1 + s(z2))2

.

Furthermore, one obtains

(48)

n∑
j=1

Ej−1 φ2,j (z1)φ3,j (z2)

= 1

n

n∑
j=1

p∑
k,l=1

Gkl(ν4, α)Ej e′
kπnπ

∗
n A−1

j (z1)ek Ej e′
lA

−1
j (z2)πnπ

∗
n A−1

j (z2)el

=
p∑

k,l=1

Gkl(ν4, α)e′
kπnπ

∗
nRn(z1)eke

′
lRn(z2)πnπ

∗
nRn(z2)el + op(1)

→ z−1
1 z−2

2 lim
n→∞

p∑
k,l=1

Gkl(ν4, α)e′
kπnπ

∗
nRn(z1)eke

′
lRn(z2)πnπ

∗
nRn(z2)el

I= lim
n→∞

(∫ −z−1
1 dHn(t)

sFρn,Hn (z1)t + 1

)(∫
z−2

2 dHn(t)

sFρn,Hn (z2)t + 1

)2(
ν4L(2)

π,G + αLπ,R
)

N= −(ν4 + α)Lπ

z1z
2
2(1 + s(z1))(1 + s(z2))2

,

and
n∑

j=1

Ej−1 φ0,j (z1)φ1,j (z2)

= −z1s(z1)

n∑
j=1

Ej−1
(
Ej δj (z1)Ej π∗

n (D�j
− I)A−1

j (z2)πn

)

= −z1s(z1)

n∑
j=1

p∑
k=1

Ej−1

(
Ej

(
r∗
j A−1

j (z1)πnπ
∗
n A−1

j (z1)rj

− 1

n
π∗

n A−1
j (z1)RnA−1

j (z1)πn

)
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× Ej e′
kA−1

j (z2)πnπ
∗
nek

(
x∗
j gkg∗

kxj − 1
))

= −z1s(z1)

n∑
j=1

p∑
k=1

Ej−1 E(−j)

((
r∗
j A−1

j (z1)πnπ
∗
n A−1

j (z1)rj

− 1

n
π∗

n A−1
j (z1)RnA−1

j (z1)πn

)
× e′

kĂ−1
j (z2)πnπ

∗
nek

(
x∗
j gkg∗

kxj − 1
))

(49)

= −z1s(z1)

p∑
k=1

e′
kRn(z2)πnπ

∗
nek

(
ν4

p∑
l=1

e′
lG

∗
nRn(z1)πnπ

∗
nRn(z1)Gnel|gkl|2

+ απ∗
nRn(z1)Rneke

′
kRnRn(z1)πn

)
+ op(1)

→ z−1
1 z−1

2 s(z1) lim
n→∞

p∑
k=1

e′
kRn(z2)πnπ

∗
nek

×
(
ν4

p∑
l=1

e′
lG

∗
nRn(z1)πnπ

∗
nRn(z1)Gnel|gkl|2

+ απ∗
nRn(z1)Rneke

′
kR∗

nRn(z1)πn

)

I= lim
n→∞

{
ν4z

−1
1 s(z1)

(∫
dHn(t)

sFρn,Hn (z1)t + 1

)2(∫ z−1
2 dHn(t)

sFρn,Hn (z2)t + 1

)
L(3)

π,G

+ αz−1
1 s(z1)

(∫
tdHn(t)

sFρn,Hn (z1)t + 1

)2(∫ z−1
2 dHn(t)

sFρn,Hn (z2)t + 1

)
Lπ

}
N= (ν4 + α)s(z1)Lπ

z1z2(1 + s(z1))2(1 + s(z2))
.

Similarly, we have

n∑
j=1

Ej−1 φ0,j (z1)φ2,j (z2)

= −z1s(z1)

n∑
j=1

Ej−1
(
Ej δj (z1)Ej π∗

n A−1
j (z2)(D�j

− I)πn

)

→ z−1
1 z−1

2 s(z1) lim
n→∞

p∑
k=1

e′
kπnπ

∗
nRn(z2)ek

×
(
ν4

p∑
l=1

e′
lG

∗
nRn(z1)πnπ

∗
nRn(z1)Gnele

′
lgkg∗

kel

(50)

+ απ∗
nRn(z1)Rneke

′
kR∗

nRn(z1)πn

)
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I= lim
n→∞

{
ν4z

−1
1 s(z1)

(∫
dHn(t)

sFρn,Hn (z1)t + 1

)2(∫ z−1
2 dHn(t)

sFρn,Hn (z2)t + 1

)
L(3)

π,G

+ αz−1
1 s(z1)

(∫
tdHn(t)

sFρn,Hn (z1)t + 1

)2(∫ z−1
2 dHn(t)

sFρn,Hn (z2)t + 1

)
Lπ

}
N= (ν4 + α)s(z1)Lπ

z1z2(1 + s(z1))2(1 + s(z2))
,

and

(51)

n∑
j=1

Ej−1 φ0,j (z1)φ3,j (z2)

= −z1s(z1)

n∑
j=1

Ej−1
(
Ej δj (z1)Ej π∗

n A−1
j (z2)(D�j

− I)A−1
j (z2)πn

)

→ −z−1
1 z−2

2 s(z1) lim
n→∞

p∑
k=1

e′
kRn(z2)πnπ

∗
nRn(z2)ek

×
(
ν4

p∑
l=1

e′
lG

∗
nRn(z1)πnπ

∗
nRn(z1)Gnele

′
lgkg∗

kel

+ απ∗
nRn(z1)Rneke

′
kR∗

nRn(z1)πn

)

I= − lim
n→∞

{
ν4z

−1
1 s(z1)

(∫
dHn(t)

sFρn,Hn (z1)t + 1

)2(∫ z−1
2 dHn(t)

sFρn,Hn (z2)t + 1

)2
L(3)

π,G

+ αz−1
1 s(z1)

(∫
tdHn(t)

sFρn,Hn (z1)t + 1

)2(∫ z−1
2 dHn(t)

sFρn,Hn (z2)t + 1

)2
Lπ

}
N= (ν4 + α)s(z1)Lπ

z1z
2
2(1 + s(z1))2(1 + s(z2))2

.

Combining the argument above, we arrive at

lim
n→∞

n∑
j=1

Ej−1
(
φ0,j (z1) + 2−1φ1,j (z1) + 2−1φ2,j (z1) + z1φ3,j (z1)

)
× (

φ0,j (z2) + 2−1φ1,j (z2) + 2−1φ2,j (z2) + z2φ3,j (z2)
)

= L0,0(z1, z2) + 4−1L1,1(z1, z2) + 4−1L1,1(z1, z2) + z1z2L3,3(z1, z2)

+ 2−1L0,1(z1, z2) + 2−1L0,2(z1, z2) + 2−1L0,1(z2, z1) + 2−1L0,2(z2, z1)

+ z2L0,3(z1, z2) + z1L0,3(z2, z1) + 2−1z2L1,3(z1, z2) + 2−1z1L1,3(z2, z1)

+ 4−1L1,2(z1, z2) + 4−1L1,2(z2, z1) + 2−1z2L2,3(z1, z2) + 2−1z1L2,3(z2, z1).

Under the isotropic conditions, we shall get the corresponding variance-covariance func-
tion of Corollary 3.1 by the second to last equations in (42)–(51). Using the relationship
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1
z(1+s(z))

= −s(z) under the null case, we obtain that

(52)

L0,0(z1, z2) = ν4Lπ

s(z1)s(z2)

z1z2(1 + s(z1))2(1 + s(z2))2 + α(z2s(z2) − z1s(z1))
2

ρ2z1z2(z2 − z1)(s(z2) − s(z1))
,

L1,1(z1, z2) = L2,2(z1, z2) = L1,2(z1, z2) = (ν4 + α)s(z1)s(z2)Lπ ,

L3,3(z1, z2) = (ν4 + α)s2(z1)s
2(z2)Lπ ,

L1,3(z1, z2) = L2,3(z1, z2) = (ν4 + α)s(z1)s
2(z2)Lπ ,

L0,1(z1, z2) = L0,2(z1, z2) = (ν4 + α)
(
1 + z1s(z1)

)
s(z1)s(z2)Lπ ,

L0,3(z1, z2) = (ν4 + α)
(
1 + z1s(z1)

)
s(z1)s

2(z2)Lπ .

Those give us

L1,1(z1, z2) + z1z2L3,3(z1, z2) + L0,1(z1, z2) + L0,1(z2, z1)

+ z2L0,3(z1, z2) + z1L0,3(z2, z1) + z2L1,3(z1, z2) + z1L1,3(z2, z1)

= (ν4 + α)Lπ

(
s(z1)s(z2) + z1z2s

2(z1)s
2(z2) + (

1 + z1s(z1)
)
s(z1)s(z2)

+ (
1 + z2s(z2)

)
s(z2)s(z1) + z2

(
1 + z1s(z1)

)
s(z1)s

2(z2)

+ z1
(
1 + z2s(z2)

)
s2(z1)s(z2) + z2s(z1)s

2(z2) + z1s(z2)s
2(z1)

)
= (ν4 + α)Lπ

((
s(z1)s(z2) + z1z2s

2(z1)s
2(z2) + z2s(z1)s

2(z2) + z1s(z2)s
2(z1)

)
+ (

1 + z1s(z1)
)
s(z1)s(z2) + (

1 + z2s(z2)
)
s(z2)s(z1)

+ z2
(
1 + z1s(z1)

)
s(z1)s

2(z2) + z1
(
1 + z2s(z2)

)
s2(z1)s(z2)

)
= 3(ν4 + α)Lπs(z1)s(z2)

(
1 + z1s(z1)

)(
1 + z2s(z2)

)
= 3(ν4 + α)Lπ

s(z1)s(z2)

z1z2(1 + s(z1))2(1 + s(z2))2 ,

which indicates the variance-covariance function under the null case.

5.5.6. Proof of tightness. We need to prove that for t = 0,1,2,3,

(53) sup
n,z1,z2∈Cn

E |∑n
j=1(φt,j (z1) − φt,j (z2))|2

|z1 − z2|2 ≤ C.

First, we have from Bai, Miao and Pan (2007) that

(54) sup
n,z1,z2∈Cn

E |∑n
j=1(φ0,j (z1) − φ0,j (z2))|2

|z1 − z2|2 ≤ C.

Then, it is apparent that

(55)

∑n
j=1(φ1,j (z1) − φ1,j (z2))

z1 − z2
= −1√

n

n∑
j=1

π∗
n A−1

j (z1)A
−1
j (z2)(D�j

− I)πn.
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This implies that

(56)

E |∑n
j=1(φ1,j (z1) − φ1,j (z2))|2

|z1 − z2|2

≤ 1

n
E

∣∣∣∣∣
n∑

j=1

π∗
n A−1

j (z1)A
−1
j (z2)(D�j

− I)πn

∣∣∣∣∣
2

= 1

n
E

∣∣∣∣∣
n∑

j=1

n∑
k=1

e′
kπnπ

∗
n A−1

j (z1)A
−1
j (z2)ek

(
x∗
j gkg∗

kxj − 1
)∣∣∣∣∣

2

= 1

n

n∑
j=1

E

∣∣∣∣∣
n∑

k=1

e′
kπnπ

∗
n A−1

j (z1)A
−1
j (z2)ek

(
x∗
j gkg∗

kxj − 1
)∣∣∣∣∣

2

≤ 1

n

n∑
j=1

E
n∑

k=1

∣∣e′
kπnπ

∗
n A−1

j (z1)A
−1
j (z2)ek

∣∣2
≤ 1

n

n∑
j=1

E trπnπ
∗
n A−1

j (z1)A
−1
j (z2)A

−1
j (z̄2)A

−1
j (z̄1)π

∗
nπn ≤ C.

Taking the same procedure, and noting that

(57)∑n
j=1(φ3,j (z1) − φ3,j (z2))

z1 − z2

= n−1/2 ∑n
j=1(π

∗
n A−1

j (z1)(D�j
− I)A−1

j (z1)πn − π∗
n A−1

j (z2)(D�j
− I)A−1

j (z2)πn)

z1 − z2

= n−1/2 ∑n
j=1(π

∗
n A−1

j (z1)(D�j
− I)A−1

j (z1)πn − π∗
n A−1

j (z1)(D�j
− I)A−1

j (z2)πn)

z1 − z2

+ n−1/2 ∑n
j=1(π

∗
n A−1

j (z1)(D�j
− I)A−1

j (z2)πn − π∗
n A−1

j (z2)(D�j
− I)A−1

j (z2)πn)

z1 − z2

= −1√
n

n∑
j=1

π∗
n A−1

j (z1)(D�j
− I)A−1

j (z1)A
−1
j (z2)πn

− 1√
n

n∑
j=1

π∗
n A−1

j (z1)A
−1
j (z2)(D�j

− I)A−1
j (z2)πn,

we can obtain the boundedness for t = 2,3. The proof of tightness is then complete.

5.5.7. Convergence to 0 of expectation. This part is to investigate the limit of expecta-
tion. First, by (2.5)–(2.8) in Bai, Miao and Pan (2007), we have√

n
(
π∗

n E�0(z)πn − sRn
ρn,πn

(z)
)

= √
n
((−z−1π∗

n

(
1 + E sn(z)Rn

)−1
πn

)− (−z−1π∗
n

(
1 + sFρn,Hn (z)Rn

)−1
πn

))+ o(1),

where sn(z) is defined in (4). Combining with (5.6) in Bai, Miao and Pan (2007), we conclude
that √

n
(
π∗

n E�0(z)πn − sRn
ρn,πn

(z)
) → 0.
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Now, consider the expectation of
√

n�t for t = 1,2,3. When t = 1, we have

(58)

√
nE�1 = √

nEπ∗
n (D�n − I)A−1(z)πn

= 1√
n

n∑
j=1

p∑
k=1

E e′
kA−1(z)πnπ

∗
nek

(
x∗
j gkg∗

kxj − 1
)

= 1√
n

n∑
j=1

p∑
k=1

E e′
kA−1

j (z)πnπ
∗
nek

(
x∗
j gkg∗

kxj − 1
)

− 1√
n

n∑
j=1

p∑
k=1

Eβj (z)e
′
kA−1

j (z)rj r∗
j A−1

j (z)πnπ
∗
nek

(
x∗
j gkg∗

kxj − 1
)

= − 1√
n

n∑
j=1

p∑
k=1

Ebj (z)e
′
kA−1

j (z)rj r∗
j A−1

j (z)πnπ
∗
nek

(
x∗
j gkg∗

kxj − 1
)

+ 1√
n

n∑
j=1

p∑
k=1

Ebj (z)βj (z)γ̂j (z)e
′
kA−1

j (z)

× rj r∗
j A−1

j (z)πnπ
∗
nek

(
x∗
j gkg∗

kxj − 1
)

= − 1√
n

n∑
j=1

p∑
k=1

bj (z)E
(
x∗
j gkg∗

kxj − 1
)

×
(

r∗
j A−1

j (z)πnπ
∗
neke

′
kA−1

j (z)rj − 1

n
π∗

neke
′
kA−1

j (z)RnA−1
j (z)πn

)
= O

(
n−1/2).

The estimates for t = 2,3 are the same thus omitted.

5.6. Proof of Theorem 3.5. The proof of Theorem 3.5 is essentially a part of the proofs
of Theorem 3.3 and Theorem 3.4 after a substitution of Ŝn for R̂n and a substitution of �n

for Rn in all of the notation that we need. To be specific, we shall first prove that

F Ŝn
v,πn

(x) − F�n
ρn,πn

(x) → 0, a.s.

Then, define

Gn(x) = √
n
(
F Ŝn

v,πn
(x) − F�n

ρn,πn
(x)

)
, Mn(z) = √

n
(
π∗

n (̂Sn − zI)−1πn − s�n
ρn,πn

)
.

Note that in the sample covariance matrix case, we do not need to decompose the object
π∗

n (̂Sn − zI)−1πn. That is, consider the term �0 = π∗
n (�n − zI)−1πn after replacing Gn with

�n in the definition of �n. Recall the arguments concerning �0 in Sections 5.5.3–5.5.6, we
complete the proof of this theorem.

It is worth noting that comparing to Theorem 2 in Bai, Miao and Pan (2007), we need to
consider the case where ν4 
= 0. This is achieved by (42), where Lemma 5.4 is applied.

5.7. Proof of Theorem 4.1. By the argument in Section 3 of Pan and Zhou (2008), com-
bining with Corollary 3.2 of this paper, to prove this theorem, it is enough to show that:

(1) maxi
ti,1
‖t1‖ → 0 in probability.

(2) The asymptotical distribution of
√

p(‖t1‖2 − 1) is N(0,E |x1,1|4 − 1).
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In fact, for 1 ≤ j ≤ n, let π(j) = (
t1,1
‖t1‖ ,

t2,1
‖t1‖ , . . . ,

tp,1
‖t1‖)′. If (1) is true, we have

∑p
i=1(π

(j)
i )4 →

0 in probability. Then, noting the fact that the population correlation matrix in this case is I,

by Corollary 3.2, we know that the fluctuation of the VLSS
√

p(
s∗jHu

j sj
|sj |2 − 1

p
trHu

j ) will be the

same as the one of sample covariance matrix under the case where the population covariance
matrix equals the identity.

Recall the definition of ti,1 = si,1√
v

(1)
i

, 1 ≤ i ≤ p, with v
(1)
i = 1

n−1
∑

k 
=1 s2
i,k . We see that

(t1,1, . . . , tp,1) are independent. Write

‖t1‖2 − 1 =
p∑

i=1

t2
i,1 − 1 =

p∑
i=1

s2
i,1

v
(1)
i

− 1 = 1

p

p∑
i=1

(
x2
i,1 − 1

)+ 1

p

p∑
i=1

x2
i,1

(
σ 2

1

v
(1)
i

− 1
)
.

First, (1) is an easy consequence of the facts that ‖t1‖ → 1 in probability. We now prove (2).

We have by the central limit theorem that 1√
p

∑p
i=1(x

2
i,1 −1)

d→ N(0,E |x1,1|4 −1). Also, we

have by lemma 5.7 that maxi
σ 2

1

v
(1)
i

− 1 = Op(p−1/2), which implies that

1√
p

p∑
i=1

x2
i,1

(
σ 2

1

v
(1)
i

− 1
)

→ 0

in probability. These prove (2).
The proof of this theorem is thus complete.

APPENDIX: TRUNCATION AND CENTRALIZATION IN LEMMA 5.7

Given the condition E |x11|4 < ∞, we have that for any η > 0,
∞∑

k=1

η−222kP
(|x11| ≥ η2k/2) < ∞.

Then, we can select a slowly decreasing sequence of constants τn → 0 such that
∞∑

k=1

η−2
2k 22kP

(|x11| ≥ η2k 2k/2) < ∞.

Denote x̃jk = xjkI (|xjk| ≤ ηn

√
n). Also denote X̃n = (̃x1, . . . , x̃n) = (x̃jk)p×n, S̃n = 1

n
X̃nX̃∗

n

and �̃n = 1
n

GnX̃nX̃∗
nG∗

n.
We have

P(�n 
= �̃n, i.o.) = P(Ŝn 
= S̃n, i.o.)

= lim
N→∞

∞∑
l=N

P

( ⋃
2l<n≤2l+1

n⋃
k=1

p⋃
j=1

{xjk 
= x̃jk}
)

≤ lim
N→∞

∞∑
l=N

P

( ⋃
2l<n≤2l+1

2l+1⋃
k=1

2ρ2l+1⋃
j=1

{|xjk| ≥ η2l 2l/2})

= lim
N→∞

∞∑
l=N

P

(2l+1⋃
k=1

2ρ2l+1⋃
j=1

{|xjk| ≥ η2l 2l/2})

≤ 8ρ lim
N→∞

∞∑
l=N

22lP
(|x11| ≥ η2l 2l/2) → 0.
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This implies that we can replace the variables in the data matrix Xn with the truncated version
without changing any properties of Ŝn and �n almost surely.

We next need the recentralization steps to make the variables have zero mean again. To
this end, denote �̄n = 1

n
GnX̄nX̄∗

nG∗
n where X̄n = (x̄1, . . . , x̄n) = (x̄i,j )p×n with x̄i,j = x̃jk −

E x̃jk . Note that E x̃jk ≤ C(ηn

√
n)−3, we have

(59)

‖�̃n − �̄n‖

= max
k

∣∣∣∣∣1n
n∑

j=1

g∗
kxj x∗

j gk − 1

n

n∑
j=1

g∗
k x̄j x̄∗

j gk

∣∣∣∣∣
= max

k

∣∣∣∣∣1n
n∑

j=1

g∗
k

(
xj x∗

j − x̄j x̄∗
j

)
gk

∣∣∣∣∣ ≤ max
k

1

n

n∑
j=1

∣∣g∗
k

(
xj x∗

j − x̄j x̄∗
j

)
gk

∣∣
≤ max

k

(
1

n

n∑
j=1

∣∣g∗
k(E x̃j )̃x∗

j gk

∣∣+ 1

n

n∑
j=1

∣∣g∗
k x̃j

(
E x̃∗

j

)
gk

∣∣+ 1

n

n∑
j=1

∣∣g∗
k E x̃j E x̃∗

j gk

∣∣)

= O
(
(ηn

√
n)−2) → 0.
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